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NOTE TO TEACHERS

~ Based on the teaching experience of over 100 Junior high
school teachers in all parts of the country and the estimates of
authors of the revisions (including Junior high school teachers),
it 1is recommended that teaching time for Part 2 be as followe:

Chapter Approximate number of days

9 : 18
10 12
11 13

12 11
13 10
14 ‘ 5
Total 69

Throughout the text, problems, toplcs, and sections which
were designed for the better students are indicated by an
asterisk (*). Items starred in this manner should be used or
omitted as a means of adjusting the approximate time schedule.

ez




Chapter 9
RATIOS, PERCENTS, AND DECIMALS

The important concept of this chapter 1s ratio. When a
physical or mathematical law can be written as a proportion,
then this law can be used to deduce new information from old.
Thus in our first example, shadow length is proportional to
helght. Suppose'we know the ratio of the measure of the shadow
length to the measure of a corresponding height. If we are given
another shadow length we can find the corresponding height, or
'If we are glven another height we can find the corresponding a
shadow length.

The ideas behind the words raiio, percent, and decimal
enable us to express old and familiar properties of rational
numbers in a convenient way. A ratio may be expressed by a
rational number. A rational number may be expressed as a percent
or in decimal notation. Naturally, we have to spend a great deal
of time helping students in developing sufficient skill with
these new notations for the students to become really competent in
using the notations. '

Certainly there are important and interesting results to
be established. No one will call the theorem that only rational
numbers have repeating decimal expansions a trivial result. The
correspondence of a point on the number line with a decimal
expansion 1s an exclting and a far-reaching result. On the other
hand, decimals are simply notations and add ohly a little to our
understanding of rational numbers as a mathematical system.
Proportion, however, 1s a new concept, essentially having its
origin in physical examples. '

The examples of this chapter will provide the students with
situations where 1t 1s a natural thing to introduce the notations
of ratio, percent, and decimals as handy and efficient short cuts
of expression. It 1s our hope that i1f a purpose 1s seen for
their introduction, the teaching of the technique of their use-
wlll prove easier.

10
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Many teachers who have used the SMSG texts in grades 7
and 8 believe that the attentlon given to decimals and percents
and their applications 18 sufficient. Others are of the opinion
that more time for the study of these topics is needed if their
students are to achieve the degree of mastery of them which has
become traditional. Special effort has been made in the revision
of this chapter to bring about greater efficiency in the use of
ratio, percents, and decimals. Additional experience with ratio,
percents, and decimals has been provided in exercises in the
remainder of this text and the text prepared for use in grade 8.
The principal difference in treatment,in the SMSG and the
traditional texts is that in SMSG mgpérials t“hese topics are more
closely related to the properties§6f number systems from a
mathematical point of view, and less time is given to a discussion
of the. social situations in which;the various applications arise,

Based on the teaching experience in the 12 centers for
Junior high school mathematics, the writing committee recommends
that 17 or 18 teaching days be used in teaching this chapter.

9-1. Ratios and Proportion

This section should not take more than two class days.
Class discussions may well include some simple calculations
that can be done in a few minutes. Most teachers will divide
the rather long set of exercises into two assignments.

The idea of ratio was introduced in Chapter 6. The purpose
of this section 1s to provide additional work with ratios and to
give a meaningful introduction to proportion. Many applications
are included. It 1s recommended that the teacher emphasize that
when a mathematical or physical law can be written as a
proportion, then this law can be used to obtain new information
and that the use of proportion involves only qulte easy mathe-

matical ideas.
11
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The authors do not recommend that a particular method
be used in solving problems involving two equal ratios
(proportions). Some answers can be obtained by mental
computation. This should not be discouraged. In finding n
in the equation (proportion)

n 6
"5

some students may wish to multiply f% and g by the number
one in some form 8o that the two fractions f% and g have the

same denominator.

In the last step, remind the students of the definition
of a rational number in Chapter 6.

Other students may prefer to use the property that if
%-- %, b#0 and d # 0, then ai = be, and only then.

The teacher will of course recognize this property as the
familiar "product of the means equals the product of the
extremes." We have carefully avoided the familiar expression
since it 1s a special device for a special situation and in
this form can not be so easily related to the mathematical
structures which the student should constantly be making a part
of his way of thinking.

Attention of the teacher is called to the significance of
only then in the statement of this property. The property as
stated above and in Exercise *18 illustrates what is known as
a necessary and sufficient condition, or an if and only if
condition in mathematics. There are two separate properties
to be proved. The first is proved in the text and the proof of
the second 1s left as a problem. See Exercise *18. In some
classes the important distinction between nccessary and
sufficient, or if and only if, may be meaningful only to the
better students. .

The authors strongly recommend that the notation a:b::ec:d

not be used.

12
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Problems *14, #15, *16, *17 are sometimes called problems
in&olving multiple ratios. It is recommended that these problems
not be considered a separate type of problem situation. The
teacher, however, may wish to give special attentlon in class
to a problem like these.

Answers to Exercises 5-1.

1.  DépendS on height of individuals. Length of shadow 1is
2 S

2 x hetzht. ‘
2. 3 8 4
36 96 %
5 20 %
54 144 4
ug | 0| §

3. (a) Ratie-Of number of girls to total is %.

(v) Ratio of number of boys to total is _%.
(¢) Ratio of number of girls to number of boys is %.
4, 15 Dboys

5. The following ratios are equal:
(a), (c), (a), (e).
6. (a) x =15

(b) x =42
(¢) x =15
(a) x= 9
(e) x =56

i3
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T. 10 inches long
8. 112.5 ft. tall

9. $202.50
10. In the ratlio 3:1 we have:
3 cups butﬁer 4%- cups flour
2 cups sugar -3 teaspoons vanilla
6 eggs

It will now make 90 cookiles.
To make 45 cookies you would rewrite the recipe in
the ratio - 1%—:1

l%- cups butter 2% cups flour
1l cup sugar l% teaspoon vanilla
3 eggs

11. (a) #$1.65
(b) 45 cents (45 cents per dozen)
(e) %119 S
(d) 316.8 feet or 317 to the nearest foot.

12. 44 feet per second

13. (a) 2 1k s g -
(b) . 18 21 8 2
6
(c) 30 35 %% 7
. 8 o
(a) 8s# 100 —FZ%—- -6,
2 100 [
(e) 100 116-3- —E‘%— 7
14
x

[pages 352-353]
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*14, This’is‘a starred section, to be used with some
students if time permits. To make 24 pounds of a
mixture of peanuts, cashews, and pecans in a ratio
of 5 to 2 to 1 the grocer would use 15 pounds bf
peanuts, 6 polUnds of cashews, and 3 pounds of pecans.
The answers to the questions in the discussion are:

1. 8 pounds of nuts.
2. 5 to 8 1s the ratio of peanuts to total.
3. 15 pounds of peanuts. -
4. Cashews 2 to 8 1is ratio to total
6 pounds of cashews.
5. Pecans 1 to 8. is ratio of pecans to total
-~ 3 pounds of pecans,

*15. 35 pounds of peanuts, 14 1bs. of cashews, 7 1lbs.
' of pecans. '
*16. 50 pounds peanuts, 30 pounds cashews, 20 pounds

pecans.

*17. 24 irches.

9-2. Percent
The concepts of percent are introduced briefly in Section 2.

In Sections 7 and 8 of this chapter, percent will be treated more
fully. In both of the sections the meaning of percent is based '
on the idea that "a"% means T%5 = a X T%U‘ All three "cases"
of percent are introduced informally in Section 2 with numbers
that are easlily handled. However, you wlll notice that the three
"cases" of percent are not referred to in this textbook. Noticeuf__
that the solutions of all problems are set up in the form
%-= T%U‘ The method of solving for x siiould be the method thét

" the pupil understands. Here we have used Property 1l from Sectlon
1 and the property that if ax = b then x =-§. Pupils should
be encouraged to use any method theyAunderstand. '

[pages 353-356]
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In the example of the class of 11 girls and 14 boys,

the fraction % indicates percent easily because the

denominator is 100. The sum of %—%- and - —é—;— is one. ...:.The_su:n

of the ratios 1%% and 1%% 1s one, and the sum of 44% &nd’

56% is 100# or one. _
Exercises 9-2a emphasize writing percents first as fractions

with 100 as the denominator, and then with the % -symbol.
Another polnt of emphasis is that 100% stand_s for one or the
whole of a quantity. ‘ :

Answers to Exercises 9-2a

1. (a) Ty (£) 5
(b) 107 R ) I
() 20 () 308
(@) = CON™
(e) 35 (3) 5%
- 2. One.
100%
(a) 50% (e) 4O% (1) 109
(b) 25 (£) 60% (3) 1oz
(c) 758 (g) 150% (k) 125%
(a) 20 (h) 1006 - (8) 2508
5. (a) 60% (a) 8o%
(b) 30% (e) 20%
—— ey e ) 108
16
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20%; %% or 1% or '120%, 30%; %% or I%%’ 26% .

() 1 (¢) 1002 |
(d) - The ratios total 1, and the percents’fotal 100% .

7. (a) |Mortgage 20%; taxes 5%; car 9%; food 30%;

clothing 12%; operating 8%; health and
‘recreation 6%; savings and insurance 10%.

(b) The 8 answers total 100%.

The second lesson in 9-2 emphasizes the use of percent for
i)tzrposes of comparison, and for giving information in more usable
~ form. Puplls should learn to calcuiate mentaliy 1% of a
quantity, and also '10%. Frequent oral practice should include
such calculations. ‘

Answers to Exercises 9-2b

1. (a) 60% ' (b) 4om
2. (a) 504 or 1%5 (b) decreased
3. (a) 658 or % (b) higher than both
4. (a) 30 ‘ (¢) 6

(b) 5% (a) 60
5. 6%
6. (a) 25 (b) 5%
7.0 () £ () 107
8. 125%
9. lﬂ; or %— of 1%.
10. 550 nint 22 = <

17
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9-3, Decimal Notation

Presumably all students will have had an,introduction to
decimals in sixth grade. An attempt is made Here to extend the
Place Value Chart which i1s commonly used in earlier grades to
include notation used in the expanded form. Thus we have the
place name in words, decimal notation, and as a power of ten.

The purpose of this}section is to review base and place value,

reading and writing rational numbers in decimal form, .and to
extend the notation for the expanded form.

The teacher could i1llustrate changing a rational number
into other bases.

Example 1. Write 'E as a duodecimal.
There are 12 twelfths in one unit, so in E’ of a unit,
there are %g, or 3 twelfths, and none left over.

1 =
T = f% = 03¢ yelve.

Example 2. Write % as a duodecimal.

There are 12 twelfths in one unit and 60 twelfths in
5 units, so in % of a unit, there are %T twelfths or
75' twelfths. The twelfths digit is "7" and there 1is %
of a twelfth left over. There are 12 one-hundred-forty-fourths
in one twelfth of a.unit, so in % of a twelfth, there are %?,
or 6 one-hundred-forty-fourths and none left over. The
one-hundred-forty-fourths digit is "6".

g = o‘76twelv¢.

Answers to Exercises 9-3

1. (a) 65.87 | (e) 0.0026
(v) 436.19 (£) 0.30005
(¢) 50.24 (g) 300.04
(d) 0.483
i8

[pages 362-364].s
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*5,
*6.

*7
*8.

“

*

@) 5(0) +2) + 5(%5) + 56?)
(b) . 1(1) + 2(10) + 1G ) + 3Q0§>
) ()
(@) 3(1) + 1Q )
(e) =25) + 2
- 02 ?T S
(£) 1<1> + 1(1 |
AT
(g) 3(10) + 3(1}
&, .
(a) Seven and tﬁémhundred thirty-six thousandths.
(b) Four thousandths.
(c) Three hundred sixty and one hundred one thousandths.
(d) One and one hundred one ten-thousandths.
(e) Nine hundred nine and nine thousandths.
(f) Thrze and forty-four ten-thousandths.
(a) 300.52 ___ (a) 60.07
(v) 0.0507 (e) 0.00032
(c) 0.014 (£) 8.019
0.5
0'6twelve
o'Ttwelve
10.011,. = 1(2 +11+1l3> -
two — ) (.-2?-> (2

=2 +l% + %-: 2 + §-+ %-=
2% = 2-375.

19
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9-4. Arithmetic Operations with Decimals

‘This section develops the arithmetic operations (addition,
subtraction, multiplication and division) for terminating
decimals. It is assumed that the students have had previous
experlence with decimals but that they are now at the point where
they can look a little more deeply into theilr meaning and the
reasons back of the operations on them. This also serves as a
little review qf some of the operations on fractions.
. Which decimals términate? First of all, any terminating
decimal 1s a repeating decimal (since .0~ is repeated), and
represents a rational number. But not all rational numbers have
terminating decimals, for example, & = ,285714285714285. ..
is not terminating. The terminating decimals are precisely those
rational numbéfs that can be written with their denominators a
power of ten. For example, %- does not have a denominator that
1s a power of ten. But it can be written in that form:

%- = 1% = 0.2000000000. ..

So the concept of terminéting decimal is a speclal one that
depends on the particular base being used. Thus, if we used the
base 7, all fractions that could be written with denomlnator a

Thus, the concept of the infinite decimal expansion is the
really important concept, while the terminating decimal is a
special concept that depends on the particular base being used.
However, even with the infinite decimal there is some ambiguity.
Thus, 3 has two different representations as a decimal:

‘

Z = 0.500000000 ... = 0.4999999999

The decimals for which this ambiguity arises are precisely the
terminating decimals. If a decimal terminates (i.e., has all
zeros from some point on), then it can be written with all
nines from some point on. .

20
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..~ Answers to Exercises 9-4a

1. (a) 1.60 (e) 1.@122

(b)) 1am : (a) 23.30
2. (a) .08 (c) 375
(b)  .o75 | (d) -~1.0045
3. (a) 415 (v) 163
4., No. They want a total of 50.4 feet of wire.
5. '26.95 pounds of sugar ére left.

. 6. f% ;—0.4375, and therefore, 0.45 1b. is greater than
T ounces. .
-150.7 kilometers. *
75.7 kilometers.

*9. 10.0Ly,, 11y, =1(2") +1+35=3% or 3.5
. l.Olt'wo
ij'--'-ﬂlj.'t;wo

Answers to Exercises 9-14b

1. (a) 0.00081 (c) 1k4.
() 0.00625 (a) 0.027270

2. (a) 0.0003 - (c) 1.4375
(b) 0.3 (d) 255.
375, 37.5, 3.75, 0.375, 0.0375, 0.00375.
0.0625.
397.21.

80.94 square meters.

358.975 cubic meters.

0 ~N o Ut &= o

About 2.4 miles L
21
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*9. 3.102 . en (In the multiplication table, base

seven,we have:

-y = 22

i
seven X seven ‘'seven’ and

11

X U o=
2seven seven seven ,

9-5. Decimal Expansion |
Through many examples pupils may proceed by induction to

an affirmative answer to the question: May every rational number

be named by a decimal numeral?

_ This section glves an opportunity for more work in operations

with decimals -, especially division. '

_ The symbolism for repeating over and over again ... is the
same as was introduced in Chapter 1. The bar over the digits
that repeat in the same order is new.

Answers to Questions in Class Discussion

l- l: )"', 2: 81 51 7 .

. Yes.

2

3., 0.090909 ... ,

4. After the first subtraction.
5. No.

6. Yes; Dby a bar.

8

. 0.270270 ...

22
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- Answers to Exercises 9-5 -

1. 0.0769230769230 ...

(a) After the 5th subtraction.

(b) No.
(¢) By dots.

(a) Yes.
(e) - By a bar.

2.' (a) 0.37 ... (@) 0.87500 ...
(b) 0.2500 ... (e) o0.aT ...
(¢) 0.166 ...

.'3. (a) 0.0909 ... (d) o.818T ...

" (») 0.18T8 ... (e) 1.2777 ...
(¢) o0.2727 ... ° (£) 2.0909 ...

4, (a) The number 0.18I8 ... 1is twice the number

0.0909 ...
(b) The number 0.2727 ... is three times the number

0.0909 ... ,
The number 0.8181 ... is nine times the number

0.0909 ...
The number 1.2727 ... 1s fourteen times the

number 0.0909 ...

5. Yes. 5(0.0909 ...) or O0.4555 ...
6. Yes.
7. (a) 0.2, 0.4, 0.8

(v) o0.125, 0.375, O0.875

(¢) o0.05, 0.15, 0.55

(d) o0.02, 0.84, 0.94

(e)- o0.001, 0.112, 0.927

23
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9-6. Rounding ‘
It is not intended at this point to consider approximate

error but merely approiimations to decimal values from an informal
point of view. Use is made of rounding in the foliowing sections.
The teacher may want to call the attention of the class more '
strongly to the fact that one can estimate the answer to a .
complicated problem by means of rounding. Rounding also helps

in locating the decimal point.

il

Answers to Exercises 9-6

1. (a) o.04 (¢) o0.01
(p) o.o4 (d4) o0.02
2. (a) 0.160 (e¢) 0.000
(b)' 0.001 (d) 0.325
(a) 0.375 (b) 0.250 (¢) 0.667
(a) 0.3 (¢) 0.1
(b) 0.3 (d) 0.0

5. (a) U43.30 sq. rd.

(b) 43.89 sq. rd.
0.59 sq. rd. difference

9-7. Percent and Decimals

The purpose of this section is to establish the relationship
. among the three notations: fractions, decimals and percent.
There are two phases of this: to understand how they are related
and to acquire the technique for translating from one notation
-to the other. Of fundamental importance is the property of
fractions called Property 1 in Chapter 6 which states that

a ka

b T Kb
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for whole numbers a, . b, and -E, provided neither b nor k
is zero. It 1s not always true in mathematics that technique
and understanding go hand in hand but it 1is certainly true here.
It immediately answers such questions as: Why is 508 equal

to %@ Angwer: because 50% 1s equal to f%% and f%% is-
equal to 3. To get a percent as a decimal or fraction one
translates into a fraction whose denominator is 100.

We have here carefully avolded any expressions like 0.12%
because the meaning of -% here is hard to explain and may be
misinterpreted and in any case Jjust as simple, and completely
unambiguous, is the form 0.125. For such a fraction as %

- we can use the decimal: 0.333 ... . This point need not be
ralsed in class unless a student slips into the notation 0.12%,
for instance. If he does suggest this, he should be asked Jjust
what the %- means. It 1s really % of 0.01. Similarly, 1if
one wrote the decimal 0,123%3 the % would be %- of 0.001.
Thls is rather awkward to keep track of and hence it 1s deslrable
to avold thils notation.

The teacher may need to glve more conversion problems than
are given here. Some classes may require less.

Answers to Class Exercise 9-7a

1. (a) 124 (¢) 1460%
(b) b40% (d) 120%
2. (a) 0.53 (¢) 18.75
(b) 1.25 (d) 0.03

Answers to Class Exercise 9-7b
1. (a) 6egs or 62.5%  (c) 0.8%
(v) 18%% or 18.75% (a) 47%% or Uu7.5%

25
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2. (a) 0.625 (c) 0.1625
() 0.008 (d) o0.1875
Note that o.16111- and  0.18¢ we avoid since they are
misleading. ‘ '

Answers to Class Exercise 9-7c

1. (a) 664 (¢) 1112 N—
(®)  11% (d)  29%
1
2. (a) 6625 (c) 11133
(0) 1137 (d)  28%
Answers to Class Exercise 9-7d
1. (a) & o () %
(0) % (@) 2
Of course many other answers are possible: Fopr instance,
(a) could be g, ' (d)  could be 2%832

Answers to Exercises 9-7

1) & 0.25 25¢

(e) % 0.75 5%

(a) £ 55 20%

(e) 2 R 0.40

(£) g . 0.60 60%

(g) 1%% 1 0.80 80%
26
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(1)

()
(k)
)

(m) .

(n)

"%o)

(p)
(a)

(r).

(s)

(u)
(v)

(W)

(x)

(2)

0.125

3T
135
0.625

100

0.875
100 .
100

97
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2.
4 252025 mws 5o eesesy 1se0 ers
[o) 10 I16%y ¥ 40 60 70 T 83k 90 100
6— IE)O |l50 ’ 3I00

Y. (a) 585- (v) 1% (c) g

5. (a) 524 - (¢) 95%
(v) 35% } (a) 30

The study of percent is valuable if the pupil can use the
concept to solve problems from everyday experience, and can
understand and interpret data expressed in percent, Pupils are
glven all three cases of percent from every day situations. The
examples of solutions all follow the pattern %-= T%U' In class
discussion the estimation of a reasonable answer helps the pupil
to understand the relationships among a, b, and ¢ in various
situations, as well ‘as Servii;: as a check on an answer.

9-8. Applications of Percent

It 1s unfortunate that in most texts, percent is considered
a separate toplc and traditionally receives very special and
separate treatment. This separation from the rest of the course
is the reason for much of the difficulty encountered. One should
not go on to the applicatilons of percent until its relationships
-with ratio and decimals have been firmly esfablished. Since the
solutions are based on the fact:

a_¢c .
if g=3 then ad =be (b #£0, 4 # 0)

it may be necessary in some classes to review this.

28
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If the background is firm along the lines suggested, there
_Should be little trouble with the applications since terminology
. is kept at a minimum. The purpose of the section on applications
is to show how percentage works, rather than to make the student
a. facile doer of problems in discount, commission and the like.
Notice that at the beginning of this section,
the form %-: % is used exclusively. The .reason for this is to
stress the essential unity of all problems in percentage, to
strengthen the relationship:

if % = %,‘ then ad = be, (b # 0, d#0)

and to prepare for the solution of equations later on. If the
pupils discover valid short-cuts for themselves they should be
encouraged to use them if they understand what they are doing.
But the moment one starts to use special methods for special
problems, one is led inexorably to the classification of problems
by types, which, as every good teacher knows, must be avoided at
all costs.

Of course, one must introdﬁce the ideas of discount,
commission and interest one at a time with a little practice on
each, hut they are mixed as much as feasible so that the pupil )

"will acquire the idea that, though the terms are iifferent, the
mathematical processes are the same.

A little space is given to checking by estimation. Some
teachers may wish to stress this further. However, even for
estimation, it was felt that the solution should follow the same
pattern as for the exact determination.

Finally, it should be stressed again that the purpose of the
use of applications here is to illustrate the use of percentage.
Usage varies from time to time and place to place. If one under-
stands the fundamenfal meaning of percentage, he should be able
to adapt this knowledge to varying usagés. It is on this under-
standing that the stress should be laid.

29
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Answers to Exercises 9-8a

1. (a) o (¢) =20
(b) 32 (d) 26
2. (a) T5% : (c) 5%
(b) 90 . (@) 95%
3. (a)  $0.70 (b) " $1.98
4. $875.
5. $180,000.
6. 30% _
7. Ye;; .the two commissions, $6580. and $4820.

total $11,%00. v

8. (a) $4.37 (#5.98 — $1.61)
(b) $2.48 ($3.%0 — $ .92)

9. (a) 1117 (a) 324
(b)) 34 (e) 100%
(¢) 342
10. $2400.

11. $60.00,  $1060.00

12. 7%, 107%

13. 333, 3%%

14, 1. 2%, $300. 00 (It is in problems of this kind that

estimation to avoid a mistake in placing the decimal
point is especially useful.)
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*15. The final net price would be the same for both methods
of computation. After a number of eiéﬁﬁles, most pupils
would see that the answer for a price of $200 would be
twice that for $100, and similarly for any multiple
of $100. If a pupil had studied some algebra it could
Rbe shown as follows. .

Computing 1t the first way we would have

P - (0.10)P = (0.05) [P - (0.10)P) =

P - (0.10)P - (0.05) P + (0.05)(0.10)P
Computing it the other way we would have

P - (0.05)P - (0.10) [P - (0.05)P] = _

P - (0.05)P - (0.10)P + (0.10)(0.05)P. S
But this would be too much to expect of any except the
most exceptional pupils. )

*16. If the sales tax were computed on $100, the price would
be $102 bvefore the discount, and $91.80 after, just
as before. This may seem a little strange since in the
latter case, the discount is on the larger ‘amount énd
the percentage of discount is larger than that of the -
tax. The same arguments based on examples could be used
here, as were used in the previous problem. The algebra
would look 1like this: By the first computation,
the final amount would be:

P - (0.10)P + (0.02) [P - (0.10)P] =

P - (0.10)P + (0.02)P - (0.02)(0.10)P
and by the second 1t would be

P + (0.02)P ~ (0.10) [P + (0.02)P] =

P + (0.02)P - (0.10)P - (0.10)(0.02)P

*17, Under the computations of Problem 15, the net pricé is
85%% of the original price, no matter what the original
price is. This means that the discount is really 14%%
for this way of computing. The shopkeeper might explain

that the discounts were to apply successively, that is,
one after the other. As we have seen, 1t does not
matter .which is appliigléirst.
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A ae

P N

or

279 -

‘Answers to Exercises 9-8b

1.

10.
11.

12.

O N O U o= W P

. 108

(a) 11.4% (d) 22.7%

(v) 2r.0% (e) '8.0%

(c) 36.9% (f) 100.0%4; yes

20% ‘ .
1550 (1240 + 310)

32. 1% _

(a) 2% © (b)) $4,237.50

8.3% or 83% )

Pupils may be interested in comparing percents of
increase.

(a) Jones .301; Smith .204

(v) Jones

28.1%

A little over 127 pounds. One should expect this
since the 15% which is added 1s computed on a smaller
amount than the 15% which is subtracted. If P 1is
the original welght, 1t 1s not hard to show algebraically ,
that. the final welght is

P - (0.15) P.

A little over 127 pounds, as in the previous problem.
Less than the original weight should be expected since
the decrease 1s computed on a larger amount than the
increase. Why it is the same as in the previous problem
ls harder to see except as the working of a few examples
convinces the pupll that the answer will be a fixed
percent of the“initial welght. Algebraically, since it
is P - (0.0225)P, the net decrease is -2%%.

32.
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The second lesson on percent of increase or decrease

' emphaslzes the two approaches to such a problem. In a problem
involving percent of increase, one method finds the actual '
increase by subtraction, then the increase is expressed as a
percent of the earlier quantity. In the second method the percent
that the later quantity 1s of the earlier quantity is computed
first. Then 100% 1is subtracted to give the percent of increase.
Pupils need to realize, for example, that 'an increase of 15%

in a quantity always gives a quantity that is 115% of the
original; and, also, a decrease of 15§ 1in a quantity always
gives a quantity that is 858 of the original. A few minutes

of oral work with the class with these ideas would be helpful.

" Answers to Exercises 9-8c

1. -(a) 150 (v) 120 (c) decrease of 20%
2. 14.3% or l#%% o '

3. 5.64 or 5%%

4, (a) 15 1b. 2 oz. (p) 124.8%

5. 30.9%

6. (a) TheJl960 wages are less than the 1958 wages.
(v) 96% ‘
Suggestion: Start. with 1958 wages of $100 per week.
Some pupils will be interested 1n fihding what'percent of
increase from 1959 to 1960 will bring the wages back to
$100.  25%.

. (a) 15% (b) 17.6%
8. (a) $€o . (p) $60 (¢) $60

The object of this problem is to show that though the
wording of the problems is different, the mathematics

is the same. a
33
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(a) $u84.50 (b)  $484.50 - (¢) $484.50
Again the object 1s to show that the mathematics is the
same in all cases.

5.3% |
fa) $677 .42 ' (c) 677 people
(b)  $677.42 (d4) ¢ 65.10

By this time the pupil might expect the answers to be
the same. It will be fine if he:.can do this with

discrimination. Since here (d) 1is quite different, he
may learn to proceed with caution. The teacher may want
to give other exercises like this.

(a) 2,258 gal.
(b) 67,742 mi.
(c) About 186 miles per day.

(d) It is unlikely that a man who.walks to work would
drive 186 miles a day.

Sample Questions for Chapter g

I. True-False Questions

(T) 1.
(T) é.
(F)

(F) 4.
() 5
(F)

(F) 7.

When 15.86 ‘1s rounded to the nearest tenth, it is
written 15.9.

v

. One hundred per cent of a number equals the number.

.09 > .10

254 may be represented as %u

Any rational number may be written in decimal notation.

6. If one-third of a class is girls, the boys make up 60%

of it.

The sum of three tenths and three hundredths 1s three
thousandths. .

34
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(P) 8. 1If % = ==, then x = 12,

(T) 9. .01 divided by .01 equals 1.
.(F) 10. —ig (one over ten to the fifth power) may be written
10 .

as ,0001. :

(F) 11. If Bob weighs half as much as his father, the ratio
showing the comparison of Bob's weight to his father's
weight is 2:1.

(T) 12. ;% is another name for the number 32%.

(T) 13. An increase in the price of an item from $20 to §28
is an increase of U40%. _ .
(F) 14. If a class has a total of 32 pupils, 20 of them boy;,v
' the number of boys is 60% of the number of pupils in
the class. . ' : '
(T) 15. Five percent of $150 1s the same amount of money as
' ’ 7.5% of $100. :
"(F) 16. 62.5% and g- are names for two different numbers.

II. Matching .
_Choose items from Column B which make the statements in

Column A correct. Place the letters of your choices from
Column B in the spaces to the left in Column A.

-
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10.

Column A

The digit 9 occuples the
place in fhe decimal
numeral 3284.569.

If a and b are two numbers
and b # 0, the of a to

b 1is the quotient ¢.

In the decimal numeral 9384.562
the digit 9 occuples the

place.

The decimal numeral 473.45
rounded to the nearest tenth
is

The decimal numeral for the
rational numter % is a
decimal .

2.54 cm. equals millimeters.

The decimal numeral for the

rational number % repeats

Another name for the number one
1s

A is a statement of equality
of two ratios.

The number O0.45%5 ... 1is
times the number 0.0900 ...

36

(a)
(v)
(e)
(a)
(e)
(r)
(g)
(h)
(1)

.(3)

(k)

(m)
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Column B

thousands
thousandths
percent
ratio.

1006 "
43,5
repeating
25.4

254

4734

a block of
six digits

proportion

5
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III.

Multiple Choice
1. Six percent of $350 4is ~
(a) $210.00 (d) $2100.
(b) $ 21.00 (e) None of these _
(¢) $ 2.10 _’ 1. _b_
2. If & of the number 5400 is computed, fhe correct
answer 1s . ,
(a) More than 30 but less than 90.
(b) More than 3 dut less than 5.
(c) More than. 45  but less than 450.
(d) More than 500' but less than 1000.
~(e) None of these. : 2. e
Ir %% of $320.00 1is computed, the answer is
(a) § 16 ~ (d) $1.60
(b) $160 (e) None of these
(e) #3.20 | C 3. 4
4, In a class of 42 pupils there are 25 boys. The
number of boys is what percent (nearest whole percent)
of the number of pupils? N
(a) 607 (a) 618
(b) 59% (e) None of these
(¢) 58% ’ b _a
5. In the class of 42  pupils there are 17 girls. The

‘number of girls is what percent (rounded to the nearest .

tenth of a percent) of the number of pupils?

(a) 40.4% ' (d) 40.7%
(v) 40.6% (e) None of these
(¢) 39.9% ' 5. _e_
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Which of the following repeat a single digit when
written as decimals? .

(a) ¥ (@) &
(0) 5 (e)
() 15 6. _a_

An agent is paid 5% commission. If he sells $1500
worth of merchandise, he should receive

(a) 4750 () $.75
(v) $75 (e) None of the answers is
(c) $7_50 correct. 7. b

A ball club won 4 of the 8 games'already played. .
If it wins the next two games, what percent of the games
willl it then have won?

(a) 80% . (d) 50%
() 70% (e) k0%
(¢) 602 8. _c_

If Tom was successful in 13 out of 20 tries in
practicing free throws, which of the following represents
his accuracy?

(a)" 87% L (@) 20

(b) 65% ) (e) 13%

(¢) 33% 9. b_
The product of 046 x .3 1is

(a) 0.0138 (d) 13.8000

(b) 0.1380 ‘ (e) 138.0000

(¢) 1.3800 ' 10, _a_
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11. The quotient 1.44 18 the answer to the division

problem
(a) 3.6 [51B.% (a) .36 [EIBE
(b) 3.6 [.518% S (e) 36 ’ﬁET
(¢) .26 [51.8% : . 1. _d_
12. VWhat 1s another way of writing .065%
(a) 6.5% o (e) .68
(b)  65% - (@) .65%
12. _a_
13. What 1s another way of writing 15%? ‘
(2) 13 (¢) 1335
(b) s - (@) 3
13. b

14, John sells magazines and may keep 20% of the money
he collects. If his sales are $3.50 he may keep:

(a) ¢ .50 (a) $3.50
(b) ¢ .70 (e) None of the answers is
(c) $3.00 ‘ correct. - 14, b

IV. Problems

1. What commission will a real estate agent receive for
selling a house for $15,400 if his rate of commission

is 5%? §779
2. The sale price on a dress is $22.80 and the marked
' prige showing on the price tag is $30.00. What was the
rate of discount? ' . 2%

3. An increase in rent of 5% of the present rent will add
#3.50 to the monthly rent that Mr. Johnson will pay.
¥hat 1s the monthly rent that Mr. Johrison now pays? $70

39
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A family budget allows 30% of the family income for
food. If the monthly income of the family is $u23,
what amount of money 18 allowed for food for the month?
126.90

Dorothy was 5 feet tall (to the nearest inch) when
school opened in September. In June her height was
5 feet 3 inches. What is the percent of increase

in her height? ' 5%
(a) write 4(1) + 3(&5) + 5<03> in positional
notation.

(b) Write 0.12 1in expanded form. (175) + 2( )

Find the decimal to the nearest tenth for 3&‘

(a) Round 14.657 to the nearest tenth.

14.7
(b) Round 5.9349 to the nearest hundredth. 5.93

Find the decimal to the nearest hundredth for %%.

1.62

At a certain time of the day a man 6 feet tall casts
a shadow 8. . feet long. At the same time a nearby tree
casts a shadow of 40 feet. How tall is the tree?

30 feet

What 1s the greatest possible error in a'measurement
that 1s made to the nearest centimeter?

one-half centimeter

How much 1s the difference of the sum of 1.05 and
0.75 and the sum of 0.5 and 0.125°? 1.175

The decimal numeral for the rational number 'T' is_ .

0. 0202

40
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14,
'15.
15,
17.

18.

Calculate the measure (1n_cm.) of the periméter of a
square whose edges measure 30 cm. - _120

Calculate the area (in sq. cm.) of the interior of a

‘square whose edges measure 30 cm. 900 sq. em.,

Calculate the volume (in cu. gp.) of the interior of a
cube whose edges measure 30 em. ' 27,000 cu. cm.

.If Bob's shadow is 80 inches long when John's shadow

is 120 inches long, how tall is John if Bob is - 30

inches tall? : 45 in.
A cooklie recipe using 1%- cups of flour-will yleld '
48 cookies. Ii Janet wants to bake 24 cookies, how
much flour should she uce? . % cup

41



. CHAPTER 10 __
PARALLELS, PARALLELOGRAMS, TRIANGLES, AND RIGHT PRISMS

"Informal geometry" as presented in this chapter, is
concerned with the discovery of geometric principles through
.experimentation and, where feasible, the verification of empirical
conclusions by deductive reasoning. Students perfofm as
‘scientists in collecting data and then perform as mathematicilans
in the analysis and interpretation of the data they have obtained.
Data needed to formulate a statement of a geometric property are
obtained'by measurement, with protractor or ruler, or by super-
imposing one figure on another.

Puplls are introduced to the use of deductive reasoning as a
method for ascertaining what 1s true about a geometric figure,
argulng from previously stated principles and definitions. We
reserve for a later time the 'systematic organization of geometry
as a deductive system, starting with postulates and undefined
 terms, and developing theorems and definitions on this basié.

The specific purposes for which this chapter were planned
are these:

1. To develop awareness of the ideas of points, lines, and
planes, and their intersections. '

2. To glve the puplls experience in verification of
experimental results by informal deductive argument on
the basls of previously stated principles.

3. To introduce certailn geometric concepts and relations
as listed below.

The major topics are:

1. Some angle relationships in the figure formed by
parallel lines and their transversal.

2. The angle and side relationships in a triangle.
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3. The angle and slide relationships in alparallelogram.
y, reas of parallelograms and triangles.
5. Volumes of right prisms.

Some General Observations and Suggestionrs

As in other chapters, precise terminology 1is emphasized
throughout the text material. " It is necessary to make this
emphasis because many-of the words that are casually used by
seventh graders are not as clearly understood by thelr users as
we would like to have them. At this level, the consequences of
casual language are not always serious but may become sSo as
students proceed in their mathematical studies. All of the
‘terminology developed in previous'chapters should be used whenever
such usage clarifies and simplifles geometric statements but care
should be exercised that in our attempts to‘be as exact as
possible, we do not make a complicated thing out of what may be,
'eSSentially, a very'simple idea. To avold this situation, it i1s
suggested that meanings be glven first in words of common usage'
and then in the more precise terminology. The transiation from
common usage to precise usage then becomes an exercise in
analytical thinking.

Ideall&,:once_a word that 1§ commenly used 1s pre-empted for
a special meaning in a new vocabulary, the new meaning must be
adhered to from that point on. ' In actual fact, however, it 1s
often difficult to convince a seventh grader that he should do
this. In'this case we should accept, for the time belng, his
way of speaking, evaluate and discuss what lideas he is attempting
to present, and then encourage him to rephrase his statements in

more precise words. ;

Since students often learn best by imitation and habit
formation, it is suggested that the teacher become thoroughly
familiar with the new terminology and use it at every possible
occasion. Through the simultaneous use of both the common and
the preclse ways-of speaking it is hbped'the student will become
more and more proficient in the latter and grow to appreclate 1ts
value until he eventually uses 1t as a matter of course.
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Some particular terminology used in the text may need further
clarification.- "Intersect in the empty set" and "are parallel"
"as applied to 1lines have the same meaning and may be used inter-
changeably where the lines are in the same plane. "Intersect
- in the empty set" or "are skew" have the same meaning when applied
to lines that.are not in the same plane. The front edge of ‘the
celling and the eiae edge of the floor are skew and have. no
point of intersection. Which of these phrases to use in a
particular context depends on the conclusions one wishes to draw.
If the question 1s, "What are all the possible intersections of
two lines in space?" one of the possible intersections is "the
empty set." This is a phrase that might seem preferable to
"parallel lines have no intersection." On the other hand, if the
question is "How are the opposite sides of a parallelogram
related?" then "they are parallel” might seem preferable to "they
intersect in the empty set." Use your own judgment in matters of
this kind. It may be noted that the authors at times say "the
lines do not intersect" even though this 1s not strictly so in the
precise set terminology. We say "the lines may intersect in the
empty set." Since the phrase "do not intersect" 1s so commonly
used, 1t seems desirable to use it here. It 1s also thought that
.there 1s some advantage in presenting some ideas in more general
terms, which set language permits. g

The chapter includes a few deductive developments of a more
or less informéi nature. One of the problems arising in such a
development 1s that pupils usually faill to appreciate the need
for_Justifying_statements with reasons previously adjudged
acceptable to the group as a whole. One proposal that might
impress them with the fact that only previously stated and
accepted propertlies, definitions, and reasons should be used.is
to suggest that football and basketball games would be much more
confusing if in each game the rules were'changed without
eonsulting anybody and that new rules be made up as the game goes
along! It might be an interesting game but hardly a falr onet
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An occasional‘reminder about "making up rules‘as you go along"
is usually sufficient to make the point desired.

Frequéently students are asked to make a general statement
about a property or the results obtaiﬁed through experiment. 1In
the text such statements are partially written so that the
grammatical form of the statement is suggested without hinting
too strongly at the.mathematicai ideas involved. Before
consldering these, students should be encouraged to formulate
their own statements of principles and properties but such
statements should be very closely examined to ensure that the
meaninglis precise and clear. When a statement seems satisfacgory
to all, then show pupils the formulation in the answer section;v“

- for comparison. They then may uSe these statements as models 1n -
future work in this chapter.

About a week prior to the introduction of this chapter,

- pilctures and articles pertaining to plane geometry could be placed
‘on the classroom bulletin board to arouse curiosity and supplement
the historical facts briefly mentioned in the first section. Here
-are two puzzles that will add interest to the display: :

l. Drawling a triangle is easy but
can you draw a triangle so that
each of the dots lettered A4,
B, and C are midpoints of
its sides?

>
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2., A very thrifty cabinet-

- maker wished to construct a
table top two feet square
out of a piece of plywopd
shaped as in the figure.
He was able to do this with
only two sawings. If you
are as clever as the cabinet-
maker, you can do the same.

Plctures and geometric diagrams suitable for posting are
not\always easy to find but some good ones can be obtained from
Such magazines as Scientific American » Fortune , Popular

Science , Popular Mechanics ., Life , and, of course, some
.technical magazines. A pattern of "oak tag" paper might be posted
along with a completed model for the construction of a regular
"tetrahedron as an activity in equilateral triangles.

A &

The following hints are given about applications for the
purpose of motivation. These may be supplemented by material
found in the introductory chapters of plane geometry texts that
are available.
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There is never an over-supply of good thinkers. The world
needs people who can begin with a body of facts, relate them, and
think through to logical conclusions. The study of geometry helps
to train such people. In the aircraft industry there is a great
demand for workers tpained,in geometry because there is a consider-
able amount of geometric knowledge involved in the construction of
an airplane. The main problem is to learn how air will flow about
an airplane of given shape moving in a given direction at a given
speed. From this .the lifting force and the alr resistance may be

calculated. The parallelogram of forces may be used for an
illustration. 1In order to find the single force equivalent to

" two forces acting simultaneously at a point we can draw a diagram
like this in which the given forces are represented in magnitude
and directlon by the segments AB
and AC. We complete the _ c _ D
parallelogram, and the diagonal AD
givee~the magnitude and direction
of the resultant force. )

) Geometry is also used to A B
determine the forces in an electro- '

maznetic field, and why rubber is elastic, and how an oll company
should schedule 1ts production. In the theory of relativity and
in tne_design of agricéultural experiments completely‘cifferent
concepts of snace are used. Today, the physicist, the chemist,
the biologist, the engineer, the economist, the psychologlst, and
the military strateglst use geometry in ways far removed from some
of those which were not even discussed or dreamed of only fifteen

years ago.

’

"10-1. Vertical and Agjacent Angles
Concegts to be developed:

1. Vhen the intersection of two lines'is not the empty set,
- four angles and four half-planes are determined.

2. Two angles which have a conmon‘?ay and whose interiors have

no points in common are called adjacent angles.
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3. DNon-adjacent angles determined by the intersection of two
lines [in a single point] are called vertical angles.

4. When two lines intersect in a point, they determine four
different half-planes. Two of these half-planes intersect in
the interlor of one angle in a pair of vertical ahgles. The
interior of the other angle in the pair of vertical angles 1is
the intersection of the remaining two half-planes.

5. The angles 1n a palr of vertical angles are congruent, that
1s, are equal in measure.

. -

Suggestions .

Review very briefly the possible intersections of two 1lines
in space using two meter sticks, pointers, or pleces of coat~-
hanger wire to represent a pair of lines intersecting in space.

If the intersection 1S not the empty set, both wires should be
‘grasped~in one hand at thelr point of intersection so that the
other hand 1s free to indicate parts of the figure. Use this same
device to suggest adjacent angles and vertical angles. By this
procedure, students will be encouraged to think of these ldeas 1n
~terms of "general" space and not just that portion of space
representgd‘by-the chalkboard or paper. Also, it is often more
convenieﬂt and more time-saving to carry a geometric figure to the
students in this way than to have the students carry themselves to
the same figure drawn on the chalkboard. ‘

Pupils may say "Angle A 1s a vertical angle". This 1s not
good terminology because we always refer to veftical angles 1in
pairs. A similar remark holds for adjacent angles. "Adjacent
angles" should be used only in .a phrase which includes some
mention of a pair of angles. ~

In Problem 5(e) it is not necessary to formallize the
‘subtraction axiom. The notions involved in the deduction required
should already be understood and accepted by the group from '
previous experience with number sentences.
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In part (e) of Problem 6, the reason for m(/ x) = m(/z) —
should be developed as a statement of the equality of two numbers
and that this particular equality is true because m([ x) and
n(/ z) are "two names for the same number."

Answers to Questions in Section 10-1

Yes. The half-plane containing point D intersects the
half-plane contalning point C to form the interior of A CAD.
..Yes. The half-plane containiné B 1intersects the half-plane
containing D td form the interior of angle BAD.

Answers to Exerclses 10-1
1. (a) [/ JkL, / MKN
(b) / JKL, / MKN
| (¢) /[ JKM, / LKN
2. (a) / LKN
(b) £ JKL and / MKN
{c) Two pairs of vertical angles are formed.
3. (a) o m(/ JKM) 4o m(/ LKN)
. (v) 130 m(/ NKM) 140 m(/ JKL)

(¢) The angles of a pailr of vertical angles seem to
have equal measures.

(d) They do appear equal.

b, Property 1: VWhen two lines intersect, the two angles
in each pair of vertical angles which are formed have

equal measure, or are congruent.
49
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*5. (a) 180 (c) 120, 120

(b) 180 (d4) 110, 110
(e) 180 = sum of m(é JKM) and m(/ JKL)
. 180 = sum of "'m(/ JKM) and m(/ NKM)
*' Then m(/ JKL) = m(/ NKM) since they both must
be names for the same number.
6. (a) 180
(b) 180
(¢) Subtract m(/y) from 180. Subtract m(/ z)
from .180. , :
(@) m(/x) = 180 - m(/ ¥);
m(/ z) = 180 - m(/ y)
(e) m(£x) = m (/z)
7. (a) Yes, two lines which are skew.

(b) The edge of the floor at the front of the room and
the edge of the ceiling at one side.

10-2. Three Lines in a Plane

Concepts to be déveloped:

1. A line which intersects twq or more lines 1n distinct points
is called a transversal.

2. In any figure consisting of lines whose. intersections are
not. empty, there are at least two pairs of vertical angles
-and at least four pairs of adjacent angles. ‘

3. Two .angles the sum of whose measures is 180 degrees are
called supplementary angles. '

4. Supplementary angles are not necessarily adjacent.

5. Two different angles whose interiors lie on the samé side of
a transversal such that a complete ray of one is contained
in a ray of the other, are called corresponding angles.

[pages 402-403, 404]
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It will prove helpful to make a demonstration model
constructed of three flat sticks free to turn on pivoted
connections made with rubber bands, small round-head bolts, or

- of clinched tacks or nails.

On the chalkboard represent parallel lines in other than
horizontal positions at first. Otherwise, students get the habit
ofﬂghinking of parallel lines as being horizontal and have
difficulty seeing them in complicaﬁed figures where the parallel
lines are not horizontal. ‘Colored chalk lends interest to a
chalkboard drawing and is effective in calling special attention
to certain portions of a figure. o

Pupils'should draw figures according to the directions in the
exercises even though the figures appear in the text. This’
activity helps to fix the features of a drawing in their minds.
Students! drawlngs frequently are too small. In the exercises of

- thils section 1ines ‘should be represented by segments about two
to three inches long. Free-hand sketches are acceptable if done
carefuli&:ﬂ

Problem 6 of the exercises is of great importance and by no
means should be omitted. The basic definition included in this
problem requires that it be done by all pupils.

Answers to Questions in Section 10-2.

Yes; yes; no.

51
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. Answers to Exercises 10-2.

1.

(9]

(a)

(b)
(c)
(a)

(a)
(b)
(c)
(a)

(b)
(c)

(d)

(e)
(f)

(a)

(b)

(a)
(b)

Ae)

(a)
(e)

(£)

Four pairs
Eight pairs
Yes

No. Since tl and t2 are parallel they do not
intersect. To be a transversal of t2 and t3,
line tl must intersect both lines.

Triangle R Q S
Six palrs

Twelve palirs

Line t 1s the transversal and intersects *gl )
and 152. If the lines are extended any line may
be considered as a transversal of the other two.

Eight angles; twelve if £, and /, intersect.
Four pairs; six pairs if /, and Z, intersect.

The angles in any pair of vertical angles have

- equal measures.

Yes,ﬂbecause- /h and /f are vertical angles.
No, adjacent angles may or may not be congruent.
Eight pairs; 12 1if you consider the intersection
ofljzli and 152.

Sum of measures is 180.

Yes

No

Yes (Neither straight nor reflex angle has been
defined.) - '

m(/€) = 100 m(/e) = 100 m(/f) = &

Yes

52
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t:ﬁww~‘ 6. (a) /4 and /g -(e) No
(b) Yes " (f) The measure of each angle
. (c) No is .90.
(g) Yes

(d) Four pairs

*7. (a) Each shows two lines with their transversal
(There are others.) _ '

(b) The figures differ in the number of pairs of lines
whose intersection consists of one point (There
are others.)

(c) All three lines may be parallel.

'(d) The intersections of three different lines in the
same plane may consist of o , 1 , 2

or 3 points.

*8.  With three planes in space the cases are:

(a) All pass through a point. (The corner where two
walls and the ceiling meet.) ' ’

(b) Two planes parallel but bothjintersected by the.
third (floor, ceiling and one wall).

(¢) Each pair of planes intersect but their lines o
intersection are parallel. (In one type of house,
the planes of the roof and the plane of the attic
floor.) :

 (d) Three parallel planes (a stack of shelves),

10-3 Parallel Lines and Corresponding Angles
Concegts to be developed:

l. When in the same plane a transversal intersects two lines
and the corresponding angles nave unequal measures, then the
two lines will intersect. '

53 |
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2. When in the same plane a transversal intersects two lines

and the corresponding angles have equal measures, then the
two lines do not intersect.

Suggestions

‘'The emphasis éﬁguld be on the childrents discovering the
relationships by their own observations. Be careful not to "kil1"
thelir interest by telling them the answers. Ask leading questions
and try to draw the answers out of the students. '

If class time is short, the experiments in this section may
be speeded up if each student is assigned the measuring for two
cases and then reports his findings for tabulation on the chalk-
board. 'It . might be well to carry out other experiments in this
same manner. .

If an overhead projector is available, by all means use it
for this sectlion. On one piece of plastic film, draw with china-
marking pencil line r> and transversal t. On another plece
draw line ry . By superimposing the second piece on the first
and projecting the image on the chalkboard, 1line r, can be
rotated to different positions through Point A and observations
‘as to angle measures and intersections can be tabulated on ﬁhe
chalkboard. Since the figure i1s projected on the chalkboard,
marks may be erased without obliterating the figure.

Answers to Class Exercises and Discussion 10-3
1. Yes, they intersect on the left side of t. _
2. Yes, ry and ry intersect on the right side of t.

3. Third column, third entry is "the empty set." If the
corresponding angles are unequal, ry and Ty
intersect in a point to the right or left of the
ﬁransversal t. If the corresponding angles are equal,
ry and r, are parallel. f

5 -
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4, Intersection of

1"1 and 1‘2

right side

empty set

left side

5. measures, intersect

6. parallel

Answers_ to Exercises 10-3.

wndy

1. A/l A

Intersection of

1l and 2

(a) below

(v) parallel
(¢) above |
- (d) below

| (e) parallel,
(£) . above
(g) Tbelow

(h) parallel

(1) above

D5  [pages 410-411]
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2. As in classroom (opposite edges of ceiling, ete.).

3. 90. Minimum distance should occur when the transversal
1s perpendicular to the lines. (This idea is moré
fully developed in Section 9-7.)

10-4%. Converses (Turning a Statement Around)
Concepts to be developed:

1. A converse of an "if -- then" sentence may be formed by
interchanging the "if" part and the "then" part.

2. A converse of a statement may be true or false regardless of
whether the original statement is true or false.

Suggestions

Caution students that the meanings of words used in the
sample statements of the text are understood to be those in the
widest use. "Mary and Sue" are not names for ships! .

Care must be taken not to refer to a converse as the cohverse
because for any one statement there may be severai different
converses. To form a conversé‘it 1s only necessary to exchange
one fact of the "if" clause with one fact of the "then" clause
and where these clauses contaln more than one fact, there will be
several converses. It is felt that the "turning around" device
1s as far as one needs to go for seventh graders.

It might prove helpful to clarify the meaning of “"true" or
"false" before tackling the exercises. Wlthout going into details
of logic, it should be sufficient to propose that a "false"
statement 1s one that is not always true and a statement is not
considered true if at least one counter-example can be found.

For instance, let us examine the statement: "The set of whole
numbers is closed under subtraction." As a counter-example one
might say, "There is no whole number which added to five gives
three and, therefore, (3 - 5) is not a name for a whole number."
Thls one counter-example is all that is needed to deny the
quotation. Emphasize that only one counter-example is needed to

prove a statement false. 56
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While one counter-example car. be used to show that a

‘'statement is false, it 1s a great deal more difficult to show that
a statement 1s true. 1In this section we do not expect that the
students or teacher will prove that statements are true. 1In
Section 6 a geometric proof 1s glven for the property of the sum
of the angles of a triangle, and 1t 1s suggested 1n the exercises
that students try to discover proofs for several other propertles.
In thils sectlon only inductive arguments can be given to indicate
that a statement 1s true. Students should be reminded that even
fhough thousands of cases were investigated and all were in
agreement wlth the statement or property, stlll the property'would
not'necessarily be true. Also, fallure to find a counter-example
willl not constitute a proof, since it 1s always concelvable that

' someone else might find éuch an example.
In "if -- then" statements, the "1if" clause 1s considered to

be the postulate or postulates. In mathematics 1t 1s recognized
that even a formal proof is based on postulates and that the ’
property to.be proved 1s true only 1if the postulates used in the
proof are true. Mathematiclans do not recognize any absolute
truth in mathematics. A mathematlcal agreement, based on
postulates which may not necessarily even be 1n agreement with
experience, 1s considered a proof, provided deduction 1s used
correctly. Again, 1t is recognizéd that the validity of the
-proof does not determine the truth of the propefty: The truth of
a property 1ls completely dependent on the truth of the postulates.

Answers to Questions in Section 10-4

(b) Not always
1. Yes; No
2. Yes; Yes

3, Statement "a" 1s true.
Statement "b" 1s false.

o7
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Answers to Exercises 10-4

1.

One of many examples is:

No.:

(a)

(b)

(c)
(a)

(b)

(c)

(a)

(e)
(£)

(a)
(b)
(3)

(b)

(e)

false
true

true

(a) true (if no amputees)

(e)
(£)

—

true

true

305

Iff Blackile is a cocker-spaniel, then Blackle is a
dog.. (true)

If it is a holiday in the U.S., then it is

July U4th.

(false)

If Robert is the fallest boy in his class, then

he is the tallest boy in his school. ‘(false)

If an animal has four legs, then the animal is

a honse.

If an animal has thick fur, then the animal is

a bear. (

sister. (
true

true

(false)

false)

true)
(e) Afalse
- (d) true

(e) false

(£)

true

If Mark 1s Susan's brother, then Susan is Mark's

If two lines are parallel and are intersected by a
transversal, a palr of corresponding angles are

congruent.

The angles are congruent. Classmates should have

similar results.

True

58
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6. If in a plane, a transversal intersects two lines and
the two lines intersect 1n a point, then the angles in

a pair of corresponding angles formed are unequal in
measure. (true)

T. Yes. If a figure is a'simple closed curve, then it is

a circle. (false)
If a figure 1s a circle, then it 1s a simple closed

curve. (true)

10-5. Triangles
Concepts to be developed:

1. A set is determined in accordance with a common property.

2. There are three sets of triangles determined according to
the measures of their sides.

(a) The set of isosceles triangles has as members triangles
which have two sides that are equal in length.

(b) The set of scalene triangles is the set of triangles
in which no two sldes have the same measure.

(¢) The set of equilateral triangles is, the set of triangles
which have* tifff'ee sides equal in length.

3. An angle and a side of a triangle are said to be opposite
each other 1f.their intersection contains just the endpoints

of the segment referred to as side.

4, If two sides of a triangle are equal in length, the angles
opposite these slides have equal measures.

5. If two angles of a triangle have equal measurés, then the
sides opposite these angles are equal in length.

59
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' Suggestions

;> Remind students that a set should be "well- defined." There
. must be no doubt or question as to what is or is not a memper of

& set. This does not mean, however, that a definition of set
should be attempted. The set of beautiful paintings in the world
" 1s not a "well-defined" set because what is beautiful is
controversial. The set of triangles is not a "well-defined" set
if 1t 1s not clear whether spherical triangles are to be included.
In our text, since all triangles are understood to be plane
figures the set of triangles is clearly defined. 1In other words

a set 1s well-defined if and only if there is no doubt as to
whether or not a thing belongs in the set. This idea is important
. in defining the set of isosceles-: triangles and emphasizes the need
for precise and complete terminology.

Students should try to answer questions in the text as they
reach them and not read ahead for the answers. Answers are
included in the text so that, if desired, all or a portion of the
text may be assigned for reading outside of class.

Have a number of soda straws measured and crezsed before.
class begins. This exercise may seem easy to most pupils but
even the urighter ones will jump to incorrect conclusions about
a straw divided into three pieces of 2", 3", and 5". Soda-
straw figures give™the class an opportunity to handle triangles
in regicns of space other than the chalkboard or the drawing
paper. Make certain that the soda-straw figures are understood
to be merely representations of triangles and are not actual

triangles.

Answers to Questions in Section 1C-5

Figures (b) and (f) are triangles.
(a) sSegnment Joining two points is missing.
(c¢) and (d) Four points instead of three.

(e) Two points joined by a curve which 1s not a straight
line segmenu. 6()
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Common property: At least two sides are equal in length.
Common property: All three sides have equal measures
No; no; no

Soda-straw figures.

(a) scalene

'(b) equilateral and isosceles

(¢) isosceles
(d) 1isosceles
(e) equilateral and isosceles

Concerning first drawing (Triangle ABC):

Yes, because A and C are the only polnts shared by
angle B and side AC.

No, because points A and C are not the only points
shared by angle C and AC. '

Angle C and side KE; because points A and B are the
only points shared by angle C and side AB.

Concerning second drawing (Triangle ABC):

Isosceles, because at least two sides have equal measures.
They are equal.

The measures of at least fwo angles in each triangle are
equal.

Property 3: If two sides of a triangle are equal in length,

-then the angles opposite these sldes have equal measures.

Concerning third drawing (Triangle ABE):

They are equal. The sldes opposite the equal angles are
equal. '

Isosceles triangles.

If two éngles of a triangle are equal in measure, then the

sides opposite these angles are equal in length.
Yes. They are converses.

61
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Anawers to Class Discussion Problems 10-5 |

1. 'Yes. Advantages: o
(1) Useful when only angle measures are known.
(2) Ruler may not be available.
Disadvantages: '
(1) Protractors not as generally available as rulers.

(2) Angle measure is often more difficult to estimate
than linear measure.

2. 1. m(/A) = m(/B) 1. @Given
2. m(BC) = m(AC) 2. Converse of Property 3
3. m(/C) = m(/B) 3. Given
4, m(AB) = m(AC) L. converse of Property 3
5. m(BC) = m(AC) 5. All names for the same
= m(AB) | number .
A
B ]

Answers to Exercises 10-5

4, Not necessarily, bacause an equilateral triangle must
have all three sides equal and an isosceles triangle
does not satisfy this requirement.

5. Yes, because an equilateral triangle does satisfy the
requlrements for being‘isosgeles by having two sides of .
the same length. "Only two sides equal in length" is
not part of the requirement for isosceles triangle.

62
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6. P opposite QR -
Q@ opposite PR
PQ

- R opposite

7. (a) No. The outside two sections, even if held end to
end in a straight line, would Just reach from one
" end of the 3-inch section to the other. Thuslno
triangle would be formed.

(b) No. If the end .pieces were folded toward each
other, they would not meet.

(¢) The sum of the ieasures of any two sides of a
triangle must be greater than the measure of the
third side.

10-6. Angles of a Triangle
Concepts to be developed:

1. The sum of the measures of the angles of a triangle in a
plane is 180.

2. A property may be suggested by inductive reasoning but it is
proved by deductive reasoning.

3. The proof of Property 4 appiies to any triangle in a plane;

Suggestions
‘ Since the class exerclses require the folding and cutting of
triangular shapes, much class time may be saved by supplying the
class with a quantity of such shapes already cut out instead of
. spending time in the distribution and collecting‘of Sclssors. By
using a paper cutter and cutting several pieces of paper at a
time, a sufficient supply can be easily obtained Triangles
should be fairly large and as different as possible.

63
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Whether the mounting and pasting suggested in the text is
done in class or not is optional. In fact, this particular
activity could be a good "lesson clincher" if made a part of the
homework assignment. However, the tearing and folding for the
purposes of experiment should be done in class as suggested.

The angle sum for a triangle is first developed experi-
mentally and then proved deductively. To some pupils it may seem
silly to prove deductively what 1s perfectly obvious intuitively.
One way to meet thls criticism is to s.aake these studenps' faith
in the infallibility of their intuition. Here are a few opbical
illusions, quickly and easily drawn on the chalkboard, that might

do- the trick:

~8

5 /\\

AB and CD have the same length. /fl and /, do not bulge
apart. The top hat 1s as wide as it is tall.

In this paragraph are mentioned other ways helpful in
emphasizing the need for verification of "obvious" or intuitive
conclusions. Test students'! ability to distinguish between two
sharp points by touch alone (try this on finger tips first and
then on the back of the neck), or ask what the bill would be for
shoeing a horse at one penny for the first nail, tWo for the
second, four for the third, eight for the fourth, etec. for four
shoes with eight nails to the shoe. Tell about the native of
China who for seventy years, upon awakening in the morning, noted
that the'first person he saw was another Chinese. On the eve of
hls seventy-first birthday, after having made the same observation

[page 424]
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approximately

25,915 times, he went to sleep certain in the

knowledge that the first person he would see in the morning would
be another Chinese. It was a Russiant

Spend some time with the class discussing why the deductive
proof applies to all planar triangles and why the conclusions
drawn from empirical data in Exercises 1 and 2 apply only to the
particular triangles tested

It is recognized that.Problem 4 of the classroom exercises
will be difficult, particularly the attempt to decide on a
legitimate reason féffeagpwetep. This is the only example of a
formal deductive prodf gi¥én in the chapter, hdwever, and it is
hoped that the teacher will go through it with the class,
though not expecting real mastery. It might be helpful to
recall for the class the idea of "making up the rules after
the game has started" as suggested in the second paragraph,
Page 4 of this commentary.

Answers to Questions in Section 10-6

1. (a)
(b)

2. (e)‘
(£)
3. (a)
(v)
(c)
(a)
(e)
(f)

180, yes

The sum of the measures of /1, /2, and / BAC
is 180.

the sum appears to be 180

Yes : : (g) Yes

Yes, because of Property =2a.

Corresponding angles. Yes. Converse of Property
2a.

Vertical angles. Yes. Property 1.

Were drawn so as to have equal measeres.

The measures in the sum on the left are equal to
the measures in the sum on the right.

By definition of "sum."

6o
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(g) Angles on one side of a line.

‘ (h) Two names for the same number as indicated in steps (e)
and (g).
(1) The translation of the symbols in step (h) into words.

Answers to Exercises 10-6.

1. 60
2. (a) 60 (¢) 5
(b) 30 (a) 20

3. Yes, elther 65 and 65, or 50 and 80.
m(/ ABC) = m(/ DEF) Property &4.
5. (a) 80 Property &4 (d) 60 Property 3 and &

(e) 4 Property 4 and
converse Property 3.

(b) 91 Property &4

(c) 40 Property 3

6. (a) Yes, Property 1
2

(b) Yes, Property or converse of Property 2a

(¢) 1. m(/y) = m(/n) 1. Property 1
2. m(/y) = m(/u) 2. Properiy 2 or
= m([ u) converse of

3. m(/n)

Property =2a

3. Two names for the-
same number, m(/ y).-

66
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1.
2.

Assign lettets to other angl
these to which letters have already been assigned.

m(/ g') = m(/ g) 1.
line r 18 parallel 2.
to FE 3,
m(/ b) = m(/ a)

m(/ g*) + m(/ a) + L
m(/ ¢) = 180

m(/ g') +m(/ a) + m(/ c) =

es of the figure than

As drawn
Propefty 2a

Property of
Problem 6

Angles on one side
of a line.

m(/ g) + m(/ b) + m(/c)

Each measure in the left hand sum is a measure in

the right hand sum.
m(/g) +m(/b) +m(Lec) =1

Two names for the same numbe

67
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10-7. Parallelograms
Concepts to be developed:

"1, The shortest segment from a point A to a line r 1ies on
the line through point A perpendicular to 1lne r. The
length of this segment 1s called the distance from point. A

to 1line r.

2. If_}zl and “‘2 are parallel lines, then the distance from
a point on 451 to 4{2 is the same as the distance from any

other point on 'Jl to £,

3. 1In a plane a line perpendicular to one of two parallel lines
is perpendicular to the other also.

b, The distance between two parallel lines 1s the length of any
segment of a line perpendicular to both given lines and
having an endpoint on each.

d

5. A polygon is a simple closed curve which is the uniotfi of line
segments.

6. A quadrilateral is a polygon with four sides. A pentagon is
a polygon with five sides.

7. Opposite sides of a quadrilateral are those which have no
point in common. (They do not intersect.)

8. A parallelogram is a quadrilateral whose opposite sides are

parallel.

9. The opposite sides of a parallelogram are'congruent.

10. The interior of a parallelogram may be separated by a
diagonal into two triangular regions which are equal in area

and have the same shape.

Suggestions.
It 1s intended that as much as possible of the development

be done in class. Note that the class material actually includes
Problems 1 and 2 of the Exercises 10-7.

Because in developing Property 5 the drawing of parallelo-
grams by the class would take up a large amount of time, it would

[page 431]
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' be advisable to have prepared an ample supply of parallelogram
- cut-outstcut on the paper cutter. It would be possible to use °
these same’'cut-outs for Problem 5 of the exercises.

Answers to Questions in Text 10-7

m(/ TDA) = 140, m(/ TCA) = 90, m(/ TBA) = 30,

AC 1is the shortest. '

‘No segments shorter than AC.

The shortest segmeﬁt from a point A to a point of a 1line r 1is
the segment from A which 1s perpendicular to r.

Yes. All are right angles because of Propertles 2, 2a, 3

and 4,

Yes.
The intersection of opposite sides of a quadrilateral is the

" empty set.
AB opposite DC, AD opposite BC for both gquadrilateral and
parallelogram.
The opposite sides are congruent. Yes, Yes.
Yes,, the area of the region bounded by one of the triangles is
equal to one-half the area of the region bounded by the parallelo-
gram because the trilangular region is one of two equal parts of
the region bounded by the'parallelogram..

Answers to Exercises 10-7

1. As in classroom

2. As in classroom
3. (a) (d)
4,

" , ¥

A
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5.+ The triéngular pleces are 2qual in area. A diagonal
separates the region of a parallelogram into two

triangular reglons which are equal in area and have the
same shape. (congruent)

6. Yes, 1n a' plane, 1lines perpendicular to one of two

parallel lines are perpendicular to the other,
7. (a) m(IM) = 6, m(OM) = 3
(b) m(KL) = 12, m(0K) = &4

(c) One pair of opposite sides may be equal in length.
" The remaining palr must be unequal in length.

. | j%

*8, (a) If, in a plane, a line is perpsndicular-to one of
several parallel lines, then it is perpendicular
_ to the others. )

(b) At

S >4,

A

Ib r >A4

Let 452 be any 1line parallel to ‘gl'

1. t 1is perpendicular to 1. As drawn
,52 and intersects /!1 2. Perpendiculars form

. m([ a) = 90 right apgles

: 3. As drawn
. 4, parallel Zs 4. Property 2a

2

3

b, m(/a) = m(é‘b) 5. Two names for the
5

6

. m(é b) 90 same number

6. If two lines inter-
. Therefore, t. is perpen- sect to form a right
dicular to A!l angle, they are

7() perpendicular,
(pages 436-437]
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POr.

*g, (a) AJGF contains’ AJID, AJHE, DIHE,
DIGF, and EHGPF. BMEXK contains BL IK
and LMEI. IGCE 4is the remaining parallelo-
gram in this 1isting.

(v) DI, EH, FG.

(¢) LI, ME.
(d) DF, EC.

10-8. Areas of Parallelograms and Triangles
Concepts to be developed:

Angles of a parallelogram at opposite vertices are congruent.

1.

2. Consecutive angles of a parallelogram are -supplementary
angles. .

3. If one angle of a parallelogram is a right angle, the others
must be also.

4. A rectangle is a parallelogram with one right angle. )

5. The area of a parailelogram may be determined, given the
length of a base and the length of the altitude to that base.

6. Any side of a parallelogram may be considered its base.

7. The area of a triangle may be considered as half of the area
of a parallelogram whose base is the base of the triangle
and whose altitude 1s the altitude of the trlangle to that
base. :

8. Any side of a triangle may be considered as a base, and for
each base there is a corresponding altitude. ,

Suggestions

Chalkboard drawings of triangles and parallelograms should

be so made that rarely do the altitudes discussed lie on a
vertical line. Every effort should be made to have pupils
‘realize that the altitudes of figures do not always extend in a
vertical direction. It will also be evident that bases do not

71
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necessarily lie on horizontal lines. Closely related to this is
the fact that any one of three altitudes and their corresponding

' bases may be used to find the area of a scalene triangle and that
there are, except for a rhombus or a square, two ways to calculate
the area of a parallelogram. .

Consult the answer section for comments on the development of
exerclses in the text. Particularly note that a.parallelogrmn-
with one right angle 1s a rectangle. If time permits, this might
be a good jumping off place for a discussion of what is "necessary
and sufficient" in a definition and perhaps why in some statements
the "if and only if" phraseology 1s used.

Answers to Questions in Section 10-8

The opposite sides have the same measure.
(AB, DC) ; (AD, BC)
/ ABC, / BCD, / CDA.

There are four transversals.
m(/ A) +m(/ B) = 180
The angleé of a parallelogram at two consecutive vertices are
supplementary.
The angles of a parallelogram at two opposite vertices are
congruent. _ )
If /& 15 a right angle, all of the angles of the parallelogram
are right angles. Yes, it 1s a rectangle. If é A and é B are
not right angles and A B 1is an acute angle, then A A must be
obtuse since m(/ A) + m(/ B) = 180. _ :
Q! 1lies on AB extended because, as our figﬁre shows, A A,
which 1s an angle of A AQD, 1s congruent to the angle at B
‘determined by §E> and extension of AB.
- D Q Q' C 1s a parallelogram. é D and é DQQ' are consecutive

angles and, therefore, supplementary. Since m(/ DQQ') = 90,
then m(/ D) = 90. '
m(AB) = m(QQ') because each represents the sum of measures
respectively equal.

72
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The number of square units of area of a parallelogram is the
product of the number of linear units in the base and the number
of linear units in the altitude to the base.

The number of square units in the area of a trlangle is QEET‘N
half the product of the number of linear units in the base and
the number of linear units in the altitude to this base.

Answers to Exercises 10-8

1. (a) 12 sq. ft. (d) 72 sq. ft.
(b) 6 sq. yd. " (e) 105 sq. m.
(ec) 80 sq. cm.

2. (a) 10 sq. in. (d) 136 sq. in.
(b) 32 sq. cm. (e) 65 sq. ft.

(¢) 28 sq. yd

3. 30 s8q. yd.
(a) 15,000 sq. ft.
(b) 3,750 sq. ft.
(¢) 11,250 sq. ft.

A = bh
|
A= zbn | -
7. (a) AB = 5" Ds = 2"
Area of ABCD = 10 sq. in.
(b) AD = Q%F o RB &~  4v

Area of ABCD = 10 sq. in.

(¢) Yes, they do agree.

73

[pages 443-445]




321

8. (a) No. It may be a'trapezoid or a figure having no
opposlifte sides parallel. A

et o

'(b) No. By definition, a rect:angle is a special kind
. of parallelogram whose angles all have a measure
of O, . |

(e) Yes. 4 square has two pairs of parallei sides.
Tris 1s all that is needed to define a parallelo-
gram. '

(d) Yes. Because parallelograms, rectangles, and
squares are all four-sided (quadrilateral) figures.

9. (a) AB = 6} o~ 13" A~ 4 sq. in.
(b) ©B =~ 42 AF m 2 " A = X2 sq. in.
(¢) ac =~ 23" BF & 33" A = 1z sq. in.
(d) They do agree, but are not the same.
10. |
11. (a) b+ x
(k) h
(e) b
(@) x |
(e) A= (b + x)h, and by the distributive property,
A = bh + xh
(£) A=2%2

7i
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(g) A=%

(h) Area of QRST = Area of QUSV 1less the area of RUS

and QTV. The area of RUS and QTV = %? + %g = Xxh,.

Area of QRST = (bh + xh) - 'xh
’ A bh

10-9. Right Prisms
- Concepts to be developed:
1. Definition cf a right prism as a figure obtained from two
polygons of same size and shape lying in parallel planes.

2. "Meanings of terms edge, face, vertex, base, height, as
applied to a right prism.

" 3. Method of obtaining volume of a right prism from the height
and the area of the base.

Suggestions _
Section 10-9 has been written from a quite intuitive point

of view. In'particular, no explicit discussion has been given of
the concepts of lines perpendicular to planes or of perpendicular
planes, although both are strictly involved in the idea of a

right prism. One point should be brought oﬁt clearly by the
teacher in ciassroom discussion. in the case of a right prism,

if stood on one base, the upper base is "directly above" the

lower base. 1In fact, if we imagine the prism in -this position
slliced horizontally (that 1is, parallel to the planes of the bases)
then each such cut 1s directly above the lower base. Thus, the
interior of the prism can be thought of as a series of layers or
slabs piled vertically on each other. ~The fact that such a prism,
modeled‘in wood, can be decomposed by simply cutting it into slabs
of wood of the came size and shape and piling them on each other,
1s tacitly used in the discussion of the volume of the interior
of a right prism. For there it is taken for granted that 1if we
construct a slab made of cubes (or parts of cubes)ljust covering
the base, then the top of this slab also just fits inside the
prism. It was félt that this factxcould better be emphasized by

[pages 448-452]
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'.Athe teachef in class discussion than to try to develop it in
‘detail in the student's manual.

Answers to Exercises 10-9

1.

10.

@ N o wm

(2)
(b)
(c)

(2)

(b)

(e)
135
(a)

(b)

()

Vv

21 square inches. Shépe~of'base unknown.

64 cubic feet’
18 cubic cm.
30 cubic in.

30 cubic feet
640 cubic meters
126 cubic'in.
square feet for each column.
85% square feet.
57% square feet.
37% cubic feet.

Bh

180 cubic inches.

1% cubic feet.

Type of Prism

Edges : Faces

Vertices|

Triangular 9 . 5

Pentagonal 15 7 .

Hexagonal -18 8

Octagonal oy . | 10

76
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Samplé Questions For Chapter 10

This is not_a chapter test. Teachers should carefully select items’
from the following and prepare items of their own in making up a

chapter test.

F 1. If one angle of an isosceles trlangle has a measurement
of 66°, one of the other two angles must have a .
measurement of 66°.

T 2. A statement may be true while its converse 1s false.

T 3. Pairs of corresponding congrueht angles are formed when
a transversal intersects two parallel 1lines.

T by, A statement and its converse may both be true.

P 5. The intersection set of three lines in a plane must be
three points.

T 6. If a triangle has two sides which are congruent, then it
has two angles which are congruent.

P 7. A1l isosceles triangles-have_the same shape regardless
‘ of size. '
T 8. The sum of the degree measures of the three angles of a,

triangle is equal to 180.
9. An equilateral triangle is also a scalene triangle.
P 10. The converse of a false statement 1s always false.

P 11. If a triangle has only two sides congruent, it can have
three angles congruent. '
T i12. An equilateral triangle 1s also an isosceles triangle.
T 13. 1In the figure at the right,
A, B, A C are symbols
for t sert‘ces of the
triangle. . . A

T 1%, All parallelograms are quadrilaterals.
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" F 15. In the four-sided figure at
- the right, if m(AB) = m(CD) :
and if AD and BC - are

‘parallel, then the figure is
a parallelogram.

(]

D

T 16. A triangle may never include two angles whose measures
are 90,

F 17. If four sides of a parallelogram are congruent, then the
figure is always a square.

Z_ Y
F 18. 1In the figure at the right,
if WX and YZ are parallel, I//// a
' then WXYZ 1is a parallelogram. W X

F 19. It is possible to draw a triangle whose sides measure
4 inches, 2 inches, and 1 inch.

The figupe shown at thé
right consists of two
pairs of parallel lines.
Use the figure in marking.
the two following state-
ments true or false. = -

m(/ 8)
m(/ h)

20. m(/ a)
F 21. m(/3)

78
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22. If m(/7) = m(/ 8) then all the angles shown in
the figure are congruent. -

23. The triangles shown below all have the Same area.
4 T
| |
o n
I = !
1 |
I i
(] fml
|Il l“ |ll M
24, If one side of an lsosceles trilangle has a measure of
8, one of the other two sides must have a measure
of 8.
25. Corresponding anglés have interiors on the same side of
the transversal.
26. If one of a palr of vertical angles measures 50, the

other one of the same pair would measure 130.

27 . In the drawling at the
right, 1f the measure
of angle A 1is 80,
then the measure of
angle B is 80.

lll
97

28. When a line intersects two other lines in distinct
points, it is called a transversal of those lines.
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Multiple Choice

a

1.

If in the same pPlane a transversal intersects two lines
and the corresponding angles are congruent, then the
two lines are...

(a) parallel lines.

(b) skew lines.

(¢) perpendicular lines.

(d) intersecting lines.

(é) none of the above answers is correct.

If the measure of one angle of a scalene triangle is
50, which of the following statements is always true?

(a) One of the other angles has a measure of 90.
(b) One of the other angles has a measure of 50.

(c) The sum of the measures of the other two angles
is 130. ' '

(d) Two of the sides are equal.
(e) One of the other angles has a measure of 130.

In the figure shown at
the right, how many
transversals intersect

lines m and n? \C’ \(/////"
(a) P .

(»)

(c)
()
)

v

U &= W N

80
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d 4, If the measure of one angle of a triangle is equal to
the measure of another angle in the triangle then
(a) the three sides of the triangle are congruent.
~(b) none of the sides are congruent.

(¢) the sides opposite the angles which are congruent

‘are not congruent.
(d) two sides are congruent.
(e) none of the above statements is correct.

e 5. If two sides of a triangle have lengths of three inches
and four inches, the third side could have a measure
of...

(a) one inch.

(b) 'seven inches.

(¢) 1ess than one inch.

(d) more than seven inches.

(¢€) none of the above answers 1is coprect.

c 6. If three lines are drawn on the same plane and no two of
these lines are parallel, the figure formed could
include...

(a) exactly three angles.
(b) exactly two points of 1ntef§%ction.
. ‘; [T
- (e¢) a triangle.
(d) two closed curves.

(e) a rectangle.

81
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c 7. A geometric plane is...
(2) an airplane.
(b) a carpenter's tool.
(c) a flat surface 1ike that of a window pane.
(d) a curved surface like that of a round lamp shade.
(e) an object like a sheet of plywood.

a 8. In the figure at the
right, which angle forms
with angle e a pair
of corresponding angles?

(a) a
(b) b
(¢) e -
@

(e) e
da 9. In the figure above, lines x any ¥y are parallel
if...

(2a) angle a 1is congruent to angle d.
. (b) ahgle ¢ 1is congruent to angle e.
(c) angle b. is congrﬁent to angle d.
(d) angle .e 1s congruent to angle a.

(e) angle a 1s congruent to angle b,
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10.

11.

12.

~In the figure of Problem 9, if lines x and y are not

necessarily parallel and if the measure of angle e
is 100, the measure of arngle c¢ 1is...

(a) 100

(b) 80 - -
(¢) 20 L
(d) 10

(

e) unknown

In the figure of Problem 9, an angle adjécent to
angle a 1s ...

(a) ©

(p) d

(c) e

(d) . angles b, ¢, and d are all angles adjacent to
"~ angle a. :

(e) none of the é%oveuanswers is correct.
A polygon may have..,

I. one side.

II. ¢two sides.

~

III. three sides.

'IV. more than three sideé._

a) I and II are correct.

b) II and III are correct.

(
(
(¢) II, 1III, and IV are correct.
(d) IV 1is correct.

(

e) none of the answers given above is correct.

33
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The area of the'
paralleleogram shown at

the right may be found

by...
. 7!

(a) adding 11 and 7.

(b) multiplying 11 7
and T.

(¢) multiplying 11 i 7 and dividing the product
by two. '

(4) multiplying (11 +7) by %.

(=) none of the above answers is correct.

Lsue area of .the triangle
shown at the right may
be found by...

I.

IT.

III.

Iv.
(a)
(v)
(c)
(a)
(e)

L h

X 11 x 7 =!7

3(11 x 7) " "

7 X %ax 11 i

only I and III are correct.
only 11 and IV are correct.
. .
only I and II are correct.
~
only I, II, and III are correct.

all of the above are correct.

g1
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Completion , »
In the figure at the right

lines a and ‘b are parallel

and intersect the transverasal

,!. What are the measures cof

each of the following angles®?

Note: the measurement of 5
-¥ one of the angles is given <—"3/7

in the-figure.

1. angle 6 _ (53°)
2.. angle 2 _ (127°%)
3. angle 1 g§§°z
4. angle .5 _ (127°

5. In the figure ut the
" right the length of
segment DF is
(3 in.) .

D 3in.

6. One of a pair of vertical angles measures 40; the
other angle of the same pair would measure 1402 .

-T. _Two lines Ilntersect at point A. If the measure of one
angle formed is 70, an adjacent ahgle has a measure

of (110) .

€. In the triangle at the ' A
right, m(/ ABC) = 30,
.m(/ BCA) = 70 . Vhat

is the measure of. angle
CAB? 1802 B C

9. Corresponding angles nave interiors on (thc same)
side(s) of the transversal.

85 -
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In the figure at the right,

lines x, y, and 2z are

paralleil. What is the '\/ X
measure of each of the
following angles?

10. angle a §§0} g !$
1;1 angle b __ (60)

. 12. angle ¢ QTOE._
13. angle d _ (13C)_ 700 .

14, angle e (50)

15. When a line intersects two other 1lines in distinect
points, it 1s called a (an) _ (transversal) of those

lines.
Using the figure at the right,
‘predict whether l1lines w and . z
2 will be parallel or will .- o

intersect. If they intersect,
indicate on which side of ¢
{above t or below t) the
intersection will occur.

Fill in fthe space which
correctly completes the
following statements. (Do
not writs on this paper.
Indicate answers on answer
sheet.)

intersect intersect e
above ¢t below ¢ rarallel

17. If m(/a) = 75
and m(/e) = 75,

then the lines will ( ) ( ) (x)
18. If m(/Db) = 100

and m(/ e) = 8o,

then the .Jines will ( ) () (x)
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intersect intersect be
above ¢t below ¢ parallel
19. If m(/c) = 120 |
and m(/ g) = 100
then the lines will ( ) (x) ( )
20. If m(/d) = 60 =
and m(/e) = 80,
then the lines will ( ) { x) ()

" Find the areas of the following:

21,

. |3u
1
. 7u isu /
| h

PARALLELOGRAM (78 sq. in.)

22.

(12 sq. ft.)

23. Fnd the volume of the following fir .:. Note the

(240 cu. in.)
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24, The area of the hexagon is 2% square feet. Find the
volume of the prism.

(45 cu. ft.)

Very Difficult Questiohs—Tultiple Cholce.

c 1. The plane figure on the
right is composad of
intersecting straight
lines. What is the
sum of the measures of
the marked angles?

(a) 180
(v) 270
(¢) 360
(d) sbo0
(e) I% cannot be determined.
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In the figure below PQRS 1s a rectangle. TPQ and
MQR are triangles. Let n represent the measure

of the area TPQ and y that of MRQ. If ST = %SR
and SM = %SP, then %- = (?) (ST means the
measure of the length of segment 55.)
(a) # S T R
N
() 3 M
(¢) 1
(a) 3
(e) ¥ P Q

If the measure gf the vertex angie of an isosceles
triangle varies from 40 to 70, then the measure of

one base angle varies fromv‘
(a) 55 to 70

(b) 70 to 4O

(¢) 70 to 55

(¢) 70 to 110

(e) 140 to 110

39



Chapter 11
CIRCLES

The main purposes of this chapter are:

1. fo acquaint the pupils with the circle, its length and
area, and with some of its elementary applications to
cylindrical solids;

2. to develop precision of expression and thought, and

3. to develop geometric awareness and intuition including
understanding of appropriate methods of study.

Except for the study of the circle itself, the general
purposes of this chapter are like those of Chapters 4 and 9. The
teacher may choose to read again the introduction to the
commentaries for these chapters. -

An effort has been made to use accurate statements concerning
the distinction cetween length and measure of a length. This is
done in the spirit of Chapter 7. The word "radius" has two
meanings as explained in the text. Also, the number r is not ;
the radius but rather the measure of the radius.

kecause 1n ordinary speech distinctions have not been made
vetween length and measure of a length, many teachers may find
themselves interchanging these terms. An important distinction
is that we multiply numbers but not lengtiis. For many purposes
this idea is not very important for seventh grade pupils.

Teachers are advised to note such subtletlies and to make some
effort to use precise language. They should not be alarmed at
their own failure to do so consistently. They should not insist
on more than reasonable precision from students.

It is estimated that about 13 days will be required for
this chapter, including time for testing and follow-up work on

tine test.

90
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11-1. Circles and the Compass

You may wish to begin this chapter by calling attention to
the prevalence of the circle in industrial and . in decorative
design. Some pupils enjoy bringing in pilctures 1llustrating the
use of the circle. In the history of civilization, discovery of

«*the use of the wheel 1s ranked in importance with discovery c¥ a
method for producing fire.

Exercises 1ll-1 are planned to provide practice in following
directlions for drawlng and labeling flgures, and in use of the
compass. It 1s important that each pupil have a compasrs and learn
to uct 1t correctly and with some dexterity. 1In following the
directions for drawling figures, pupils should learn to label the
figure at each stage, as subsequent directions are glven in terms
of the labels specified. .

Answers to Exerclses 11-1

1. (a), (v), and (c)

(d) 1Intersection is one point.

91
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2. (a) - (e)

(f) Point A and Point F.

3. (a) - (c)
2, Y
. B
S
,&z . ' \

(d) RTSY 1is a rectangle. (If the diagonals of a
quadrilateral are the same length, and also bisect
each other, then the quadrilateral is a rectangle.)

92
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4y, (a) - (d)

{e) 1Intersecticu set 1s two points.
(f) Point X

*5.  (a) - (a)

:Z\\\\A 7
- A
“ N

(e) ACA C; 1s a parallelogram. (If the diagonals of
a quadrilateral bisect each other, then the
quadrilateral is a pr-allelogram.)

93
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11-2. 1Interiors and Intersections

”Each pupil should be repeatedly encouraged to translate
wrltten ideas into diagrams in a step-by-step manner, while
reading. This cannot be overemphasized, for it applies throughout

geometry.
The single point @ 1lies on the circle and also on —P? Two

points of the circle lie on aﬁt of which one is @ and the
other needs a label. Any name is suitaonle; perhaps R will be
suggestel naturally. Tntuitively R 1is directly opposite *Q
on the clircle; a iormal description of R is the point, other
than Q, 1in the intersection of the circle and the line ‘FEt
The same 1s true for the intersection of the circle and ﬁﬁf

Note that QP () QR 1is OR (1f "R" was the label used as
indicated above), while the intersection ‘FET and the circle
consists of only the two points, @ and R.

The simple closed curve, which 1is the circle in this case,
contains none of the points in its interior. Hence, the inter-
section of the interior and the circle is the empty set. Recall
that in Chapter 7, the union of a simple closed curve and its
interior was defined as a closed region.

The figure at the right shows
the half-plane above f{E (on the
F side of XB) and its inter-
section with the circle. None of
the points A, G, or P belongs
to the intersection, but F does.
We cannot count all the points of
the intersection because the
intersection 1s an arc of the
;ircle. An arc contains an

inite numbef of points.

Y

i
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One possible choice for M,
N, K 1s shown. The intersection
" of the circle and the angle
consists of only the three points <
M, N, K. The intersection of
the two interiors has been shaded
in the figure. . v

\

Answers to Exercises 11-2

1. (a) 1.

(b) 2.
(e) No.

(d) If S 1ies in the interior of the circle, the
number of points is ©0; 1f S 1lies on the circle

or outside the circle, the number is 1.

2. Yes.

intersection 1s
one point

95
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(a)
(b)

(c)

(d)

343

Same as interior of angle BPF.

Intuitively, the quarter-circle in the upper right,
excluding the endpoints B and F.

Four of the guarters may be idertified. Besides
the on. ~ (b), we have the intersection of the
cire’ ;he interior of angle APF, 1in the
uppes ; the intersection of the circle and the-
interier of ’[ APG; the intersection of the circle
and Lne interior of / BPG. In each case, a
quar“~? can also be described as the intersection
of th' c¢irele and two half-planes; for example,

tr.: lower left quarter is the intersection of the
simple closed curve AFBG, the A-side of <§5?
and the G-side of AB. ’

Four portions of the circle might be called halves.
The upper half, for example, is the intersection
of the circle and the half-plane H. In Section 4,
we learn that this intersection, together with its
endpoints A and B, 1s a semicircle. Another
is the lower half. the intersection of the circle

[page 473]
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...{p)
(c)

(a)

' (e)

6. .(a)
(b)

*T, Same as exterior of the outer circle.

and ‘the G-side of 75; Another 1s the inter-
section of the ¢1rcle.and J. The fourth one

shown is the intersection of the circle and the
A-side of ‘FE: In each of the four cases, the
curve together with its endpoints 1s a semicircle.
The pupils may wish to include the endpoints when
they describe a "half" of the circle. This problem
helps blaze the trail for certailn notions in
Section 4.

Consists of two points.

Yes; no; two points determine just one 1line.

Horizontally shaded R

1)“|

in the figure. M
Vertically shaded M”
in the figure. . ;ﬁ

Empty set.

Intersection of the interior of the outer circle
and the exterior of the inner circle. (Note:
Concentric circles are not necessarily in the

same plane.)

[pages 473-475]
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*8.

*9.

11-3. Diameters and Tangents

PB,

The six radii shown in the figure are 5%, EK, §ﬁ, PV,
and PN.

Stnce d = 2r, r = 3d. ,
A circle does not need to be "on top" of a line in order for

the 1line to be tangent to the cilrcle.. ..

(1) The empty set. Remember that the half-plane does not
contaln the line. < £,

rd

(2) The interior of the circle.

(3) Yes. See drawing at the
right.

98
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(4) No. The only possibilities are intersection sets
- containing O, 1, or 2 points as shown in the
drawings below

m

(5) (a) Four; il?, ‘A—S), W and_‘ﬁ
(b) One; “4S, which passes through the circle.
(c) The points of tangency are E, S, and F.
(6) (a) One. -

_(b) One.

Answers to Exerclses 11-3

1. (a) 3 (b) & (¢) 5

2. Answers will vary. T

3. (a) 23 ecn. (4) -?.Iyd.

(b) 14 in. . (e) 15 frt.
(¢) 5 ft. o
4, (a) 12 1in. (d) 10 ‘rt.
T (b) 6 m. © e) 7T £t.
e (c¢) 34 cm.‘
5.

[pages 477-478]
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(a) - (£).

(Note to teachers: The radius of the circle is
congruent. to the chord where the endpoihts of the chord
mark an arc which 1s one-sixth of a circle.)

()

(h)

(a)
(b)
(c)
(d)
(e)
(a)
(v)
(e)

Should be same (but the drawing is difficult to
draw with the required accuracy).

A diameter of the circle.

Cpnsiéts of four points R, S, T, U.
Consists of Point T.

Point of tangency.'

4. <§E: ‘EE: ‘Eﬁt ‘FE?

R, S, T, U.

0.

Empty set. | ¢

Intuitivelyiiﬁ is composed of the four corner

.regions. An attempt on the pupil's part to give a

careful description should convince him that the
very best description is the one quoted in the
problem: "the intersection uf the exterior of the

.circle and the interior «f the square EFGH." A

purpose of this problem is to point out the
advantages of our vocabulary in enabling us to say
just what we mean with the greatest ease.

100
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(d) As in the preceding
part, the best word
- description 1is given
in the problem itself.
_ The intersection is
n shaded in the figure.

#*9, (a) Yes. The pupil's answer may be based on the notion
of symmetry, but there are many ways in which he
can express his thoughts.

(b) Yes.

(c¢) Right. angle.

(d) Perpendicular.

*10. (a) Lines are perpendicular.
(b) One..

*11. Each diameter i1s the union-of two-different radii on

) one line. If the intersection of two segments on one
line consists of a common endpoint, then the length of
their union 1s the sum of the lengths of the two
segments. Since all radii have the same length, the
measure of a diameter 1s twice the measure of a radlus,
that is, twice the measure of the radius. °Since this
'applies to all diameters,.all of them have the same

! length.

11-4., Arecs
In this section, the properties of an arc and a line segment

are contrasted with those of a simple closed curve. Care should
be taken to insure that puplls have a clear understanding of the
ideas of Séﬁération and betweenness., Most puplls do not find these
ideas too difficult .when they think of following "paths" along
segments or arcs or around a simple closed curve.

[pages 480, 481]
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The symbolism for arcs is introduced in this section. Pupils
should be careful to identify arcs with three points if there 1is
a possibllity of confusion between a major arc and a minor arc.
These latter terms are not necessary in the development of this
chapter and were not introduced in the student material. With
the wealth of new terms needed in the development of the material
in this chapter the pupils should not be burdened with unnecessary

vocabulary.

Answers to Exercises ll-4a.

1. (a) Xy . (d) CTRX
(b) ¥BW (e) AXR
(¢) WeR (r) 7YB

(Note: XAY is the same as YAX, etc.).
2. (a) w

(p) Y, B, and W

(¢) B, ¥, and A

(d) R, X, A, and Y

(¢) R, C, W, and B

(f) Two answers are possible, X and R or Y, B,

and W.
3. (a) A, B (a) ¥, ¢
(b) A, R (e) w, A
(c) A, B - (f) B, ¢C

4. No. Because in naming an arc, the first and last letter
designate the endpoints.
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5. (a)

(v)

(c)
(a)

(v)
(c)
(a)

(o)
(v)

(c)
(a)

No. Point H 1s between C and D, but in the
other direction from C we find points K and L

'betweenl C and D.

Yes. Point H.
o ge—
CKLL. and LDH.

No. One point does not separate a circle into two
parts. Moving clockwlise or couhter-clockwise‘from'
I we would always come back to L.

Yes

Yes

Yes, the endpoints

More like those of a line.
None (¢) A, B
None (d) None
Yes

Yes

Yes

Yes

Ffor each ray from P passing through a voint of
Kﬁg there 1s a corresponding point on FG. (For
each point on AMB there 18 a ray from P which
passes through the point and also passes through a
corresponding point of Fa.) |

11-5. Central Angles

The definitions and qualifications for central angle and
arc-degree are especially important in this section. Care should
be taken to insure that discussions of angle are consistent with

those in Chapter 7.

103
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"Straight angle" may be a troublesome notion. A "straight
angle" or "central angle of 180°" does not fit our description
of "angle." An angle has been defined as a set of points that
consists of two rays which have the same endpoint (the union of
two rays), but the rays do not lie in the same line. This precise
definition accounts for the fact that in the text, the term
"special" is applied to the mention of the "straight angle."

There 1s also the difficulty of deaiing with tﬁe so-called
Mreflex" angled, or angles having a degree measure greater than ..
. 180. To think of the measurement of such angles in terms of our
presentation In Chapterl7 creates difficulty in differentiating
between the "interior" and the "exterior'" of an angle. At times
however, 1t may be necessary to think of such angles, as in the
making of circle (or "pie graphs"). 1In such cases, the use of
the term "arc-degree" (or "degrees of arc") should eliminate some
of the difficulties that may arise.

Problem 7 in the exercises 1is intended to introduce the
pupils to the measurement of_the circumference of a circle. This
is done to prepare pupils for the next section in the chapter
dealing with circumferences.

" Answers to Exerclses 11-5

1. (a) m(£BC) = 118 (d) m(BCD) = 121
(b) m(£BCD) = 136 (e) m(éDE) = 101
(c) m(DE) = 83
104
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2. (a) - (a)

(e) 35° |

3. Quarter of a circlé: 90°
One-elghth of a circle: 45°
One-sixth of a circle: 60°

Three-fourths  of a c¢ircle: 270°
4, (a) Yes

(b) 6
(¢) 60
5. (a) BC
(b) DF
(¢) TD
(d) D (the Point D)
‘ (e) DE
6. (a) EF (b) AB (¢) ¢ - (d4) ¢

(e) It 1s difficult to measure along a curved line with
an instrument designed to measure along a stralght
e line. Most instruments used in measurlng linear
units are primarlly for straight line measurément.
[pages 489-490]
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7. (a) through (¢) Results will vary

(d) No. They tend to increase, but there does not
seem to be a definite pattern.

(e) Yes. The results are all about the same; about 3.

8. In the drawing at the
right, AB and ©D
each have 90 arc
degrees,.but the length
of CD 1s much greater
than the length of AB.

9. Sketch a circle and sketch a diameter. Drawing in a
few lines through the center which intersect both semi-
circles should show that a one-to-one correspondence
can be established between the set of points on each of

" the two semicircles. This method 1s rnot unique.
Another method involves perpendiculars drawn to the
diameter. These set up another one-to-one corre-
’ spondence between the sets of points of the two semi-
circles. Originality in ways of looking at things
should be encouraged.

11-6. Length of a Circle

The relation between the length of a circle and the length of
its diameter i1s introduced intuiltively by having the pupils e i
measure circles and their diameters in Problem 7, Exercises 11-5. .
Pupils should understand that the difference between the two

measures, "¢ - d", 1s a method of comparison, but one which does

. not show a relation between ¢ and d.
Pupils will have varying results with their measures, but

the majority should discover that the circumference is a little
more than three times as long as the diameter. This relation 1s
the important part of this section, and the pupil must first

[(pages 491-492]
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understanq this relation before he can appreciate the value of

T to the nearest hundredth, etc. That-this relation is a
constant for all circles should be more apparent to the pupils
if they find that other members of the class arrived at the same
conclusion. It might be suggested that-pupils report their
measurements, tabulate them, and then propose relations which
might exist before guiding them too soon and too firmly toward
the ratio.

An alternative method for developing the relation between

the circumference and the diameter of a circle is given here:

(Method II.)

(a) On stiff paper or cardboard mark a point P and draw a
circle with center P. Make the diameter of the circle
between 2 inches and 2% inches. Then cut along the
circle so that you have a circular figure with the
circle you drew as its boundary.

(b) Draw a line £ about 10 inches long, and label as A
a péint near the left end of the line. Then locate
point B on _€ so that the segment AB has the same
length ‘as the diameter of your circle.

(¢) Lay out a number scale on line £, with O at point A
and 1 at point B. Extend the number scale to the
number 4 or 5. . '

(d) Now mark a point on your circle and name it C. Place
the circle so it 1s tangent to your number line, with
C at the zero point. :

(e) Carefully roll the circle to the right along the number
line. Each point on the circle will touch a point on
the line. Continue rolling the circle until point C
is again on the-line. Mark as D the point where C

touches the line.

(f) Between what whole numbers is point D? Estimate, to
the nearest tenth, the decimal number which corresponds
to point D.
[page 492]
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(g) When you rolled circle P along the number line, each
point on the circle touched exactly one point of the
line, and no two points of the circle touched the same
point of the line, What segment on the number line has
the same length as the circle?

(h) Wwhat segment on the number 1ine has the same length as
the diameter of the ¢ircle?

(1) How does the length of the circle seem to compare with
the length of its dliameter?

(J) Does this result agree with your answer to Problem 1(f)?

Do the results of your experimentation suggest the following
statements?

1. For any circle, the ratlo of the length of the circle
to the length of its diameter is always the same number.

(V]

This number is a little greater than 3.

3. If experiments are carefully done, results suggest that
this number 1s between 3.1 and 3.2.

This method may be helpful in establishing the notion that

T 1is a number, and that the symbol " 7" 1is to be regarded as
a numeral. This is the first number of the set of irrational
numbers the pupils have met, and they should begin to appreciate
the fact that (1) such numbers correspond to points on the
number line, and (2) that a decimal expression for the number,
to any desired precision, may be written. Although 7 1is not a
rational number, the assumption is tacitly made here that it
_behaves-like an ordinary number in combining with other numbers;
that 1s, the commutative, associative, and distributive properties
for additior. and multiplication hold. The opntional Section 11-6b
extends these ildeas concerning w.
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(Method II.)

(b) - (c)
L ? i 1 L 1
0 | 2 3 4 5
(d) - (e)
1 i 1 ]
0. | 2 49 5
(f) Between 3 and 4. Estimates will probably vary from
3.0 to 3.3. '
(g) AD
(n) &AE

(1) Length of the circle is about 3.0 - 3.3 times the
length of the diameter.

(J) Results should agree fairly closely.

" Answers to Exercises 11-6a

1. i radius dlameter (App.) circumference
(a) 20 1in. 62.8 in. or 63 1in.
(v)] 7.5 rt. 7.1 ft. or ‘M7 ft.
(c) App. 7.2 yd. | 22.6 yd. o 23 yd.
(4) ~App. 8.4 ‘cm. | 26.376 cm. or 26 cm.
(e)]2.8 in. | —— 17.584% in. or 18 1in.

2. (a) .
| (b) Find the product of the diameter and .

(c) Yes. By dividing the measure of the circumference
by w . ’
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c
(a) 7= = 3
(b) e = wd
c
() = = d |
(App.) Radius (App.) Diameter
(a) 3% ft. 7 £,
21 .
(v) 4 in. 755 in. or 8 1in.
(c) 2% cm. 5-1% cm. or 5 ecm.
(d) 7 yd. 1333 vd. or 14 yd.
(e) 14 mm. 28  mm.
(a) Divide the measure of the diameter by two.
(b) Multiply the measure of the radius by two.
(¢) Find the product of 2, T, and the measure of
the radius.
(a) c = w2 -r)
(®) ¢ = (r-2)r
(e) C = (2 -7)r
v ¢
@)z = ¢
(e) £ = a2
c _ .
(£) ¢ =7
Radlus ~Circumference
(a) . App. 31 in.
(v) | App. 8.2 ft.or 8 ft.| —
(e) App. 105.4 cm. or 105 cm.
(a) | App. 31.9 yd. or 32 yd.| —. :
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8. 37.68 in., ér 38 in.
9; 19.7 in., or 20 in. Yes.
10. 94.2 ft.; or 94 ft.
11. 3.82 ft., or 3.8 ft.
12. (a) 62.0 in.
(v) 7.75 in., or 8 1in.
(¢) 45 degrees.
(d) .17 in,, or .2 1in.

(OPTIONAL) The Number T :
Many puplls are interested in the fact that mathematicilans

have studied the properties of this number for centuries, and
continue to do so; and are entertained by seeing the decimal for
T to so many decimal places.

The process of describing the position of wT on the number
1ine by defining the segment on which it lies 1s important as an
i1l1lustration of a method of analysis, and also for the il1lumina-
tion it sheds on the cignificance of successive places in decimal .
notation. It is recommended that this material be worked through
very carefully. Teachers may choose to introduce the term
"irrational." However, this 1s not essential for this chapter.

In the set of Exercises 11-6b, your -attention is directed to
Problem 3. The idea of using T as a numeral, and expressing
answers in terms of T , 1is a useful and 1mportant one. In
general, it 1s desirable that all answers be expressed first in
terms of T , with the decimal evaluation the last step in
computation when a decimal answer is required.

Pupils may be amused by a mnemonic device for remembering the
first figures in the decimal for w . It is a.rhyme in which the
number of letters in each word indicates the digit:

"See, I have a rhyme assisting ‘
My feeble brain, its task sometime resisting.”
Answer to question in text: Endpoints are 3.141 and 3.142,

[pages 495—496]
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» AﬁSWérs to Exercises 11-6b A
1. (a) .025, .o01, .017
vy B
(¢) = 4y in.
(d) = | 132 ft.
(e) = 42 1in.
(£) ® T ft.
(g) ® 66 1in.
2,' (a) 6.2832
(b) 9.42477
3. (a) Diameter, 54 in. Radius, 27 1in.
(b) (13 - ) in. '
(¢) (7.2 7) in.

4. Circumference of Circle C is three times circumference
of Circle D.

5. (a) Length of Circle C: 43.4 in., or 43 in.
Length of Circle D: ' .4 in., or 31 in.

4(b) m(ST) = 70.
m(QR) ™= T7TO.

7
() 55 35
(a) 8.4 in., or 8 1in.
6.0 in., or 6 in.
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6. (a) 1If the circumference is increased by 1, the

measure of the new diameter is EL%%JL, or
-%— + #%u The radius has thus been increased by

%‘%% £t. which amounts to about 1.9 dinches. .~
This would permit a mouse to crawl under the band.

(b) No. If the band is made 6% feet longer than the
original tightly fitting band, the new radius of
the enlarged band will be about 1 foot greater
than the radius of the original band, allowing

1l foot of crawl space. - S
(c):- r = r; distributive property.
U ¢ _ e 1
d = 4 (e+1) = F+5.

11-7. Area of a Circle’

Chapter 8 explains the basic method for finding the area of
a closed region. 1In the case of a cifcle, it 1s preferable to
have a method for computing the area in terms of the radius. One
approach is presented in the material to be read by ‘the pupils.
Careful discussion of the questions in this section should lead
most pupils to discovering intuitively that the area of a circle
'1s a 1ittle more than three times the square of its radius. This
should suggest that”m}r has a place in computing the areas of

2

circles.

I. (a) The area of the circle is less than the area

of ABEF.
(b) The area of the circle is greater than the area
of VAZP. '

(¢c) . The area of the circle is less than four times
the area of VAZP.

(a) No.
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In counting the units of area, we may take'advantage of the
symmetry and count in Jjust one quafter. In the upper right -
quarter, for example, 69 square regions lie entirely within the
circle (by rows, from the top to the middle of the figure,

0, 4, 76; 7, 8 8 9, 9, 9, 9). An additional 10 square
regions have the property that the larger portion is inside -the
circle (again, by rows, from the top, 3, 1, 1, 1, O, 1, O,
1, 1, i). It 1s not difficult to find an approximate balance
between the portions of these outside the circle and the small
pleces of the remaining 7 regions which contribute to the
inside. (The 7 regions, by rows, from the top, occur: 2, 1,
i, o0, 1, 1, 1, O, O, O). Note that in each quarter of the
figure there are drawn two square regions of which no part lies
inside the circle. After counting (69 and 10), we assign the
measure 79 to the area of a quarter. Thus, for the whole
circle, the measure of its area is 316. Note that the value 79
is the best possible counting number that can be expécted, since
the theoretical measure is 78.54, to the nearest hundredth.

If children draw their own circles and measure with this
- counting procedure, there may be considerable variation in the
results because of inadequate drawing performance and/or
equipment. Most of the development should be based on the
professionally drawn diagram in the book.

II. (a) The area of the circle is less than the area
of BEFG.

(r) Yes. The area of the circle is a little more than
three times the area of ABCD.
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(¢) Some pupils may recognize that the square of the
radius must be multiplied by 7 to obtain the
area of the circle. 1In class discussion this may
logically be suggested by some pupils who have ‘not
known this before. Others may be repeating
information they have gained elsewhere. It is
1mpor£ant to the understanding of the number
sentence, A = T r2, that pupils see the value
of this means of computing the area of a circle.

The area of an eight-inch square skillet is slightly less
than the area of a nine-inch eircular skillet. The difference
would not be significant to a cook.

An alternate approach to fin’ing the area of a circle is
presented in the last problem of Exercise 11-7. A third approach
is presented here, and. teachers may find it useful to present this
to some members of the class. Capable students should be able to
follow the discussion here with 1ittle or no assistance.

Let us conslder a circle and suppose that the number r is
the measure of a radius. Suppose that many radii of the clircle
are drawn in a regular pattern. The diagram now resembles a wheel
with many spokes. In Figure 11-7 we chose to have sixty radii.

In order to havé a definite number to speak about in the remainder
of the discussion, we will continue to use this choice of 60.

The sixty rays separate the circle into sixty arcs, all of the
same length. They also separéte the interior of the circle into

sixty regions, all of the same area.

115
[pages 502-503]




]

Figure 11-7

We fix our attention on a typical one of these
reglons, as shown in the figure. Thils reglon appears
to. be nearly triangular; indeed, only a short portion
of its boundary, namely the arc KB, is not straight.
Perhaps we can approximate the area of this region by
finding the area of the interior of a triangle. (Do
you recall the method for computing the area of a
triangular region?) We choose the triahgle whose base
is as long as the arc AB and whose altitude is the
same as the distance of P from the arc.

[page 50%4]
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» Since the measure of the length of the entire circle is
2T * ry the measure of the length of the arc is 55- s 2rr.
The distance between P and the arc is simply the radius of

the circle.
k Thus for the approximating triangle, as described, the

1,1 1, Cp
measure of its area 1is 5'(55 - 2rr)(r) = 5T r - r.
An approximation to the measure of the area of the region

bounded by the curve ABP 1s g% N r2. Since there are sixty

such reglons 1ns1&eithe circle (Figure 11-T), an estimate of the

measure -of area of the circle is 60 times 3%5 T r2, that is,

vrz. ,
How does this approximation compare with the results obtalned
by actual measurements which you made earlier?

In reality the interior of a circle with radius r wunits of
length has exactiy T r2 units of area. Thus,. although our
method of development used an approximating atep, our result
agrees with the correct result that may be firmly established in

more advanced mathematics.

Answers to Eiercises 11-7
1. (a) 15% sq. in.
(b) 78 (or 79) sa. ft.
(¢) 616 sq. cm.

(d) 1386 sq. yd.
(e) 38.5 (or 39) sq. mm.
(£) 55.4% (or 55) sq. yd.
2. (a) 200.96 (or 201) sq. ft.
(b) 314 sq. yd.
(e) 706.5 (or:- 7O0T7) sq. cm.
(d) 1256 sq. fi.
(e) 1017.4 (or 1017) sq. in.

(£) 19.63 (or 20) sq. yd.
[page 505]
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3. | Circle | Radius| Diameter Circumference Area -
(a) A| — 8 ft. 24 .8 49.6 (or 50)
(or 25) ft. sq. ft
(b) B| 8 cm. - 49,6 - |198.4
(or 50) em. | (or 198)
' sa. cm.
(¢) cl10 ft. - 62 ft. 310 sq. ft.
(d) D{16 mi. {32.2 (or 32) - | 793.6
mi. (or 79%)
sq. mi.
() E|—— | 222 in. 688.2 or 38195.1
688 in. (or 38195)
sq. in.

4, Since 49 ¢ 50.24, the circular skillet.

5. 36 7 square inches, or approximately 113 square
inches. '

6. (a) First. . (b) yes.
40 - 30 - 72 - T; to the nearest square foot, 1046.
8.. (a) 16 T.

(b) 16.
(¢) 4.
(d) 8.
(e) 8w
.(f) llw.‘

(g) 8+ 4w

*9. Approximately 70 quadrillion square kilometers
(70,000, 000, 000,000,000) .

*10. ° 3.
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*11. 22%; parallelogram whose base is gr units, and
whose altitude is r units. This activity requires
considerable care in the construction and cutting of
the diagram. Result should be T r2.

12.  BRAINBUSTER:
(a) Chain at corner.

(b) "7B5.4 square feet.

Answers to Exercises 11-8 v

The numerical answers obtained when computing volumes of
cylinders sometimes appear more precise than the indicated
accuracy of the original measurements would justify. It is
reasonable to round some of the answé@s.

1. (a) 396.8 (or about 397) cubic inches
(b) 793.6 (or about T94) cubic feet
(e) 9300 cubic centimeters
(d) 3797.5 (or about 3798) cubic yards
(e) 5356.8 (or about 5357) cublc inches
2.v (a) about 140 cublc feet
(b) about 19 cubic feet
(¢) avout 37 cubic inches
(d) about U464 cubic yards

(e) about 232 cubic inches or about . .13 cubic
feet

3. V = 3391.2 or, Volume is 3391.2 cu. ft. (3391,
3390, or 3400 could be used).

4, Volume is 2 T cu. ft., 6 cu. ft.

5. 47 gallons (or 45 gallons if one computes from
6 cu. ft.)

119
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Or Volume is about 3770 cu. in.

(V. is multiplied by two.)
(v 1is multiplied by four.)

6. V =~ 3768.
y*'?~ V = g0,
*8, VvV =~ 180T.
*9. V = 360T.
*10. vV 8 7201,
*11. It doubles.
It quadruples
V 1s multiplied by eight.
*12. =~ BRAINBUSTER.
About 52 cu. in.

Answers to Exercises 11-9.

1. Circle | Radius | Diameter | Helght | Total Surface
Area (At)
(a) | . A 5 1in. —— | 465 (sq. in.)
(v) B 2 ft 24.8 or 25
- (sq. ft.)
(c) 8 ft. —— 1240 (sq. ft.)
(@) | D 30 em —— | 6045 (sq. cm.)
(e) E 4 yd. _ —___1396.8 or 397
sq. yd.)
2. (a) Avbout 125.55 or 126 (sq. in.)
(b) About 5425 (sq. ft.)
(¢) About 1841.4 or 1841 (sq. in.)
or '
About 13.95 or 14 (sq. ft.)
(d) Avout 6780.25 or 6780 (sq. ft.)
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3. HOME PROBLEM.

(2) Rectangle (or rectangular region); altitude or
height; circumference.

(v) (Constfuction'problem).
(c) Use tape to find length of base circle directly.
(d) VYes.

(The numerical answers given for Problems 4, 5, and 6
imply much more accuracy than is justified by the
numbers used. It would be reasonable to round them off.)

4. Lateral surface area is 75.36 sq. centimeters.
5. Total Area 1s 89.49 sq. centimeters.
.*6. About 10.4 sq. meters; about 8.3 sq. meters.

*7T. 3.5 gallons.

Answers to Exercises 11-10

1. a, b, ¢c¢.

Diagram (a) ' ‘(b) (c)
(1) circle circumference ¢ =27Tr
. (2) rectangle area A =1lw
(3) . triangle area A = %bh
(%) circle area A= 7r?
(5) rectangular volume V = lwh
prism .
(6) circle circumference ¢ = 1T d
(7) cylinder lateral area L =27wrh
(8) ‘triangular volume v = %bfhthp
prism

121
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(9)

(10)
(11)

(12)
()
()
(e)
(a)

(1)
(2)

(e)

- (£)
*(g)

369

parallelogram area : A = bh
(or rectangle)
cylinder volume =T r2h
rectangular lateral area L =2/4h+ 2vh
prism
cylinder total area T=2wrrh +
2

27r
Numerals to be cirdiéd are 2, %, and ¥
wherever they occur.

Symbols r, 1, w, b, h, d, bt’ ht’ h
wherever they occur.

p,
Number of arrows below the ruler 1s the number of

dimensions of the figure.

See answer to Problem 2 (¢). Number of measures
indicates number of dimensions.

1 (3) 2 (5) 3 (1) 2 (9) 2 (1) 2
2 (4) 2 (6) 1 (8) 3 (10) 3 (12) 2
Number of measures in formula which is a product
indicates number of dimensions. In (11) and

(12), number of measures on one branch indicates
number of dimensions.

"B" above bottom arrow in (5), (8), and (10).

Square: p = is Cube: S = 6 e°
A = s : Vv = e3

e
122 L l
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a0
g #(n) (11)
- 2n( f + w)

7\

(12)
27 r(h + r)

/X

T

3. (a) 68°. | (a) 116°
(b) 150° . (e) 8°
(c) 83° S
4, (a) 519 square meters

(b) 1257 square meters

(c)

(d) 738 square meters
(e) 246 Squareimeters
5. () 66 meters; 144 square meters.
(b) 119 certimeters; 814 square centimeters.
(c) 86 + 20 T feet; U480 + 200 T square feet.

(a4) 62 + 2%; millimeters; 84 +-2g— square
miliimeters. -

6. 72.8 cu. ft. -
*7.  113.6 sq. ft.
| 123
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-Sémp;e Questions
Note: Teachers should construct their own tests, usling carefully

selected items from those given here and from items of
their own. Careful attention should be given to difficulty
of items and time required to complete the test.

i

. True-False

. 1. A circle is a set of points.

I

T

T. 2. A central angle of 90° is a right angle.
F

3. If a circle 1s divided into six equal parts, the length
of each of these parts of the circle 1s equal to the
length of the radius.

T 4. A circular waffle iron with a radihs of three inches
makes- a larger waffle than a square waffle iron 5
inches on a side.

T 5. The line segment from a point on the circle to the
center of the circle is the radius of the circle.

P 6. The exterior of a circle is the set of all points whose
distance from the ceuter is less than the length of the

radius.

Two clirecles which have the samne center are concentric.

T 8. The area of a round table top 5 feet in diameter is
less than 20 square feet.

F 9. The interior of a circle 1is a set of points that
includes the circle.

0. An infinite number of lines may be tangent to a circle.

T 11. The circumference of a circle is the perimeter of the
circle.

T 12. An angle with vertex at the center of a circle is called
a central angle.

F 13. A semlcircle is half the interior of a circle.
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II.

jo

14, Any line segment whose endpoints lie on the circle is
the diameter of the circle.

15. Doublling the measure of the radius of a circle will
double the area of the circle.

16. Mathematicians have proved that 3.14 1is the exact
value for T

Multiple-Choice
Select the choibe,which you consider answers the _uestion or

completes the statement for each of the following.

17. In the figure at the
right, the.interéection
of line <KB> and the
circle is the set of

points:

(1) (A, B}
(2) {a, c)
(3) B, ¢}
(4) f{c, D}

(5) None of the above.

18. In the figure at the
right, which of the
following could be true? A

I. D 1s between
and C. B

1s between
and C.

< II.

A
B
A

IITI. D 1is between
B and c.
I

(1) omy is true.
(2) Only II is true.
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19.

20.

n
[l

22.

373
(3)  Onily III 1s true.
(4) I, II are both true.
(5) I, II, and III are all true.

The 1nterséction of a circle and one of its tangents is
a set of points with:

(1) no elements (4) three elements

(2) one element (5) an infinite number of
elements

(3) two elements

If a rope 33 1inches lcng forms a perfect circle, the
length of the diameter in inches would be about:

(1) 100
~(2) 66
(3) 33
() =21
(5) 10%

Which of the followlng are closed curves?
(1) parallelogram

(2) circle

(3) triangle

(%) (1), (2) and (3) are correct.

(5) none of these is correct:

What 1s the greatest number of elements in the
intersection set of a circle and a triangle?

(l) zero
(2) one
(3) three
(4) six

(5) an infinite number

126
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23.

ol

25.

(2) DE

- In the arc shown at the

right what is BENCF?
(1) @& |

(3) oD

(4) BD
(5) BF

In the figure at the

right, what is.the
1nt§§§ect;pn set of the
interior of the longer
circle and the exterior
of the shorter circle?

(1) Only Area A

(2) Only Area -B

(3) Only Area ¢C

(ﬁ). Both Areas A and C

(5) A1l the area outside of A,

Irf T = -2,(3 what 1is

- the measure in inches

of the circumference
of the circle shown at
the right with a seven
inch radius? :

(1) 11
(2) "g2
(3) 33
(4) 44
(5) 55

B,

and C.
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26. If T = 272 the measure in square-inches of the area
" for the circle ir Q,ues’cion 25 is about.
(1) 122
(2) 133
(3) 144
(4) 155
(5) 166

.

III. Matching

_ Using the drawing shown below de’cermine what geometric terms
- are 111us’crated by the parts of the circle with cen’cer at P.

. Match the 1’cems in the left column with 'che geome’cric terms in
"che right: column. The terms 1n the column at the right may be
used once, more than  once, or not at %11.

F .
5 27. DF (1) radius
3 28. AC o (2) diameter
1 29. PB . (3) tangent
2 30. EG | (4) semicircle
L. 31. | EFG ‘ (5) none of the above
32. APG

S
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IV. Problems
VWrite the word or number that you think best completes each .

of the following statements or answers the question.
for T

33.

34,

35.

36.

37.

for Questions 33-37).

A bicycle tire is 28 'inches in
diameter. -How far does the wheel

travel on the ground in one revolution?

Round Pizza Pies have diameters that
or 21 1inches. If the
l4-inch Pizza costs $1.00, what
should be the price of the 2l-inch
Plzza at the same rate per square
¢ineh?

are - 14

- What 1s the volﬁme of a can of peaches.

that is 4 inches in diameter and
6 inches high?

Vhat 1s the surfaée area of the metal
in the can for the peaches in Problem
35 above?

If a circular race track is 1 mile
long, what 1s the radius of the track?

(Use %3

Answer:
About
88 1inches

Answer:
$2.25

Answer:
7
(or 175)

cu. in.

Answer:
100}
(or about
100) sq.
in. '

Answer:
Abogt %
mile or.
about i%
miles or
about 840
ft.
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38. Ellen's belt is 21 inches long , Answer:
and just fits around her waist. ‘ 6.7 in.
- If her waist were a perféct circle,
what would be its diameter?

39. A value for T used by the ancient " Answer:
Egyptians is %%%. How different is Same to
this from the value we use, to two v two
decimal places? ‘ : decimal

places.

4o0. A merry-go-round has three rows of Answer:
horses, the outer row‘being 6 feet’ 12 7r
farther out than the 1hner row. If ) feet or
you sit on an outside horse, how much . 37.68
farther do you ride in one turn of feet.

the merry-go-round than if you sit on
the inside horse?

41. The diameter of a certaln circle is Answer:

60 centimeters. What is the area of 2826

this circle? (Use the decimal square

approximationﬂto T to the nearest o centi-

huncéredth). . ) meters.
42, Draw a circle and two segments ‘ One possible

such that each of the segments answer:

is tangent to the circle.
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43, Shade the intersection of
the interlor of the longer
circle and the exterior of.
the shorter circle.

Answer:
Fre s Tou
A
L4, Draw a circle and an angle One possible
such that their intersection answer:

consists of four points.

45, The simple closed curve in Answer:
the figure consists of a A%drre
semiclircle and a segment. units of
The radiﬁs of the circle 1is - area:

r unlts-of length. 'Find the
area of the interior of the
simple 2losed curve. (The
answer should be expressed

in terms of r.)

131
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46. . The segment WT 18 a diameter Answer:
of the circle. The lines ‘Ei’
and ‘WT’ are perpendicular.
The segment TX 18 3 feet |
long. The measurement of the w T
anéiéw TWX 1s 45 degrees.

X
N
(a) Wwhat is the measure of [/ WXT Answer:
' in degrees? : 45,
. (b) . Find the radius of the circle. Answer:
‘ % feet.

47. PFind the volume of the insid.e.of a Answer:
pipe whose length is 80" and the 15.70
radius of whose inside base circle cu. in.
is ‘%;-". Use ™ = 3.14.

48. Find the total surface area of a Answer:
cylinder the radius of whose base _ 6820
circle is 10 centimeters if the square
altitude of the cylinder is 100 " centi-
centimeters. Use T = 3.1, meters.

49. Find the amount of paper needed to . Answer:
make labels (without overlapping 226.08
them) for 3 cans each of height sq. in.
6" and of base circle radius 2". N :
Use T s 3.14,

50.. Find the volume of a cylindrical solid Answer:

' the diameter of whose base circle and -241 T or
whose height are each 3 meters. Leave 6.75T
your answer in terms of T . cu. meters
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g W Chapter 12
MATHEMATICAL SYSTEMS

In this chapter, i1t is particularly important that teachers
have clearly in mind both the objectives of the chapter and the
suggested method of approach to be used with it.

‘The main objective 1s to lead the students to achleve som;
appreciation‘gg the nature of mathematical systems. It 1s neither

~ intended nor desirable that the children memorize the various
tables introduced here, or drill for mastery of the operations
introduced here. .

It 1s especlally important that the teacher read this chapter
through very carefully'before planning his présentation, and glve
conslderable thought to how to present some introductory
motivation, and even more to how to lead the students to discover
the varlous relationships and properties which appear in the
chapter for themselves in advance of the reading of the text.

The text itself attempts to suggest problems and processes for
dolng this as does this teacher's guide. However, these can be
effective only 1if carefully planned for by the teachers. The
process of discovering, of perceiving for one's self 1s a vital
step in achleving our major objective: an appreciation of the
nature of some types of mathematical systems. This 18 close to
an appreciation of the nature of modern mathematics and of the

work of mathematicians. “
One of the most important activities of modern mathematicians

1s the search for common attributes or properties often found in
apparently diverse situations or systems. Sometimes these common
elements are deliberately bullt into new systems which are

. constructed as generalizations or abstractions of old systems,
as when the number system is extended from the system of counting
numbers to the whole numbers, to the rational numbers, -etc., etc.
Sometimes these common elements are observed in systems less
clearly related at first glance, as when the changes of position
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of a rectangle into itself are conceived of as forming an
algebraic system with a "multiplication" table, which is discussed
in the chapter. .

Frequently, the systems developed out of the intellectual
curiosity of mathematicians and their search for patterns in
diverse abstract situations have been exactly the tools needed
and selzed upon by scientists in thelr attack on the problems of
our physical world. The theory of groups, which actually has as
its logical beginnings the properties disdussed in this chapter,
had its chronological beginnings in the early 19th Century in
problems relating to the solution of equations. Matrices, some
of which form groups and give fufther examples of the principles
of this chapter, were invented largely by the Englishman Cayley
a little later. Within our generation the German physicist Werner
Heisenberg has used matrices in the formulation of the quantum
mechanics which 1s highly important in modern physics. Analogous
stories relate the development of radio by Marconi to the
differentlal equations of Maxwell, and point out that the
‘outgrowths of Einstein's relativity theory owe much to his use of
the tensor calculus developed by the Italian geometers Riccl and
Levi-Civita. All of these stories have the same theme, namely,
that both mathematicians and sclentists are always seeking
unifying principles or patterns. Frequently mathematics,
developed solely for the intrinsic interest of 1ts properties
and strucfure, was later found to fit the needs of sclence, but
for both science and mathematics we need to develop students who
can see and understand patterns and structure,

In this chapter we are studying mathematical systems
involving sets of elements and blnary operations. Such systems
which have certain simple additional properties are called groups
and their study is a major branch of so-called "modern algebraﬂ“
We shall not use all of these technical terms. However, other
substantial objectlives incldental to the major”concern of this

'
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chapter and appropriate for secondary school students are:

1. Increased understanding of the nature and occurrence of
thé commutative, assoclative, and distributive
properties, as well as the concepts of closure, identity
element, inverse of an element.

2. Increased understanding of the inverse of an operation
and 1ts relationship to inverse and identity elements.

Additional discussions of these ideas and problem materials
may be found in the books listed in the bibliography 1n Section
12-9.

Aslde from the general considerations mentioned above, there
are very specific applications of the modular systems with which
this chapter 1s chlefly concerned. The applications to days of
the week, hours of the day, days in the month are obvious and
immediate. Not quite so obvious are applications to two-way
switches (mod 2) which are most common, but also to n-way
switches for a number of small values of n. These are used
increasingly 1n modern computing and 1n industry. The recognition
that all are aspects of one system - modular arithmetic -
gives insight not'on;y to mathematics but to various applications
as well, This in turn 1s an example of perlodicity -- a
repetitive pattern -- that occurs so often within and outside of
mathematics, A .

The teacher should be especlally cautioned in the use of the
exerclises in this chapter. -There are altogether too many for use
in one class. .To glve all would lay too much stress on techniques
and make a chore out of what should be an interesting development.
Méhy exerclses are glven so that the teacher may use different
sets in different classes and have some left over for review at

the end.
The estimated time for this chapter 1s about 12 days,
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12-1. A New Kind of Addition

Several of the sections, including the first, discuss the
properties of what is referred to as modular arithmetic. The face
of a clock 1s used to illustrate modular addition. The following
quote provides background for the basic notion of this idea:

"In number theory we are often concerned with properties
which are true for a whole class of integers differing from each
other by multiples of a certain integer. Take, for instance, the
fact that the square of an odd integer when divided by 8 1leaves
1l for a remainder. Here we have a property holding for all odd
numbers; that is, for a class of numbers differing from each other .
by multiples of 2. As another example, we see that when the last
digit of a number, in decimal notation, is 6, then the last digit
of its square will also be 6. Thus, in this simple example, we
deal again with a property shared by integers differing by a
multiple of an integer; namely, 10. .

"The consideration of properties holding for all integers
differing from each other by a multiple of a certain integer leads
in a natural way to the notion of congruence. Two integers a
and b whose difference a - b 1is divisible by a given number
m (not O0) are said to be congruent for the modulus m or
simply congruent modulo m. Gauss, who introduced the notion of
congruence, proposed the notation

a

b (mod m)

to designate the congruence of a and b “modulo m. "L

Some textbooks use the following definition:

If a = km + b, then a = b (mod m). The = sign is
read, "Is equivalent to" or "is congruent to." ’

Ve emphésize that there 1s no need for the pupil to become
familiar with the terms used in the above discussion, including
"modular arithmetic."

1 Uspensky and Heaélet, Elementary Number Theory,
McGraw-Hill, 1939, page 126.

[pages 527-529]
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In solving problems using replacements, encourage the pupil

" to make a 1ist of possible replacements first For mod 5 the
. set of possible replacements would be {o, 1, 2, 3, 4}; for
"mod 8, the set would be {0, 1, 2, 3, 4, 5, 6, T7}. These
are examples of finite systems. o

For the teachert's information each element of the set can be
'.considered as an eguivalence class, thus, numbers are put in
equivalence classes. .

Without a doubt some pupils will wonder why the symbol
" ® w ("is equivalent to") is used instead of " = ." This
18 an excellent opportunity to point out that the = sign is
used when we have two names for the same thing; thus ’
3 +2=14 + 1 since these are two names for the same number,
five. In the case of modular arithmetic, when we say "Five is
equivalent to one, mod 4," the "five" and the "one" are not

names of the same thing, thus it is necessary to introduce another
symbol to describe this relationship.

Answers to Exercilses 12-1

1. + 0 1 2 3
0 0 1 2 3
1 1 2 3 o -
2 2 3 0 1
3 3 0 1 2
(a) o _ (¢} O
() 2 (a) 1
137
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2. mod 3 - : mod 5

.+ 10 1 2 + 0 1 2 3 4-}’
olo 1 2 olo 1 2 3 4
1 1 2 0 1 ]l1 2. .3 4 0 .
2 ]l2 o 1 2 /2 3 4 o 1
| 3|3 » o 1 2
v |y o 1 2 3
3. (a) 0 (e¢] 1
(b) 1 ‘ (4) 2

‘The teacher may want to let the students try exercises
(mod 4) before taking up other modulii. '

T b, ~ (mod 6) _ (mod T7)
+l0 1 2 3 4 5 +]0 1 2 3 4 5 6
0]j]0 1 2 3 4 5 olo 1 2 3 4 5 6
1|1 2 3 4 5 0 11 2 3 4 5 6 0
2]2 3 4 5 0 1 22 3 4 5 6 0 1
313 4 5 0 1 2 313 4 5 6 0 1 2
'4450123 L4 5 6 01 2 3
5/5 01 2 3 4 515 6 0 1 2 3 4
o 6l6 01 2 3 4 5
(a) 2 (e) 2
(b) & ' (@) 2

The pupils may use the tables made in Problem 3 above
or make sketches of clocks.

5. 23 =5(4) + 3. The hand will go around four times and
stop at 3. ' '

138
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6. Seven hours after eight otclock is five ofclock. This
is addition (mod 12). :

7. Nine days after the 27th of March is the fifth of April.
This is addition (mod 31) .since there are 31 days
in March.

-

+12-2. A New Kind of Multiplication

This section does for multiplication what the first section
‘did for addition. It not only gives other examples of operations
for use in the next section but aisd prepares for modular
arithmetic in a later section. The transition from getting a
multiplication table by adding aﬁd to getting it by dividing and
taking the remainder should be made on the initiative of the
students as a means of making éomputation easier. It 1s hoped
that this could be discovered by some of the students themselves.
Problems 5 and.6 are designed to encourage this transition. This
1s certainly one place whére to push a transition too rapidly can
‘lead to trouble but where discovery in the students! ownAgood
time can be an enJoyable experience for ail concerned.

Answers to -Exercises 12-2

1.  (a) mod 5
x o 1 2 3 &
olo o o o o
1 /o 1 2 3 4
2 {0 2 & 1 3
3 0 3 1 4 2
» | o 3 2 1

139
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"~ mod 6 S mod 7
x|0 1 2 3 %5 x|01 2 3 4 5 6
0l]o 0 0 00 O 0/o 0 0 00 0O
101 2 3 4 5 110 1 2 3 4 5 6
2l0 2 4 0 2 4 2/lo 2 4 6 1 3 5
310 3 0 3 0 3 310 3 6 2 5 1 4
blo 4 2 o » 2 4o 4 1 5 2 6 3
50 5 4 3 21 5(0 5 3 16 4 2
i6 0 6 5 4 3 2 1
2 (a) 2 (a) 1 |
(b) o (e) o©
() 3 |
3 (a) 6 .- (¢) 6
(b) 2 (d) o |

4. (a) (7)(20) = 2 (mod 31)
' 70 = 8 (mod 31) ‘
4 + 8 = 12; hence February 12 is the date 210
weeks after December 4th.

(b) (2)(365) = 2 (mod 7)
T30 = 2 (mod T)
Thursday was the day of the week for August 6, 1959,
5. . mod 5 o .

x 0 1 2 3 4

0 0 0 0 0 0

1 0 1 2 3 4

2 0 2 4 1 3

3 0 3 1 b 2

4 o.: 4 3 2 1
140
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6. The Table is identical with the multiplication Table
(mod 5). Dividing a whole number by 5 and retaining
the remainder yields the same results as fhose obtained
by subtracting the greatest multiple of five contained
in a given number and retalning the remainder. It may.
be easier to divide and retain the remainder.

*7, (a) x=2 ' (a) x =73
(b) x =4 (e) x =
(e¢) x=1"

*8, (a) impossible
(v) impossiblé
(¢) x=1, x=3, x=5
(d) impossible
(e). % =0, x=2, x=4

.12-3. What 1s an Operation?

Skills and Understandings

Lk

1. To'recognize a binary operation described by a table.
2. To requnize a binary operation described in words.

3. To find, from a table, the result of putting two
elements together in a bilnary operation described by
the,pable. v - :

4, o find, by computation, the result of putting two
elements together in a binary operation described in
words .

5. To teii, from the table for a binary operation, whether
or not the operat’»n 1s commutative.

141
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6. To know that: (a) In order to show that a binary
» ‘operation is associative, it is necessary.to show that
an equation [e.g. a *(b * ¢) = (a * b) * ¢] holds
for every triple of elements a, b, ec¢. (b) In order
to show that a binary operation 1s not assoclative, it
is sufficlent to find one triple of elements a, b, ¢
- for which the equation does not hold [e.g., a * (b * ¢)
o # (a * b)) *c].

Teaching Suggestions
Td be given a binary operation, we must be given a set of’
elements and a way of combining any two elements to get a definite
_thing. The "definite thing" may or may not belong to the original
set of elements. The two elements we combine may be the same
element taken twice. If the operatlion is given to us by a table,
the set 1s composed of those élements which appear in the left-
hand column and in the top row (the same elements must appear in
both places). For example, the set for the operation of Table (c)
i1s (0, 1, 2, 3}; that for the operation of Table (d) is
{1, 2, 3). In Table (d), all the entries in the table belong
to the set {1, 2, 3}; 1in Table (c) many of the entries in the
table do not belong to the set {0, 1, 2, 3]J. This point is
discussed more fully in the next section on closure.
Bring out by class discussion that the entries in the tables
(the results of putting two elements together) could be anything
at all. As later examples will show, they do not have to be

numbers. . _
Practlce reading the tables. Stress that, in evaluating

1 [J 3, the "1" 4is to be found in the left coiumn, and the

"3"  in the top row. Point out that 1 [] 3 =5 and 3[J 1 =17,
so 1t is necessary to be careful about the order in which elements

are written.
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'Some examples for class discusslon are glven below..

Example 1. Set: The counting numbers. L

Rule of Procedure: Glven any two elements, fake twice the
first and add three times the second. This is an operation, but
‘it 1s not commutative and 1t 1s not associatlve.

Example 2. Set: The cdunting numbers.

Rule of Procedure: Given any two elements, take twice one of .
them and add three times the other.

This rule does not define an operation since a "definite
thing" 1s not always determined. For instance, in combining 2
and 3, we are allowed to form either 2 + 2 %3 -3 =13, or
2 * 3+ 3 2 =12. The result of an operation applied to two
elements must be unique, that is, there can be one and only one
answer. It could also be seen from a table that this rule does
not describe an operation. The table would have more than one ‘
entry in some places (everywhere except on the diagonal from
upper left to lower right).

Example 3. Set: The whole numbers.

Rule of Procedure: Given any two elements, divide the first
by the second. .

This rule does not define an operation, since division by
zero 1s impossible. The elements 2 and O cannot'be put
together in that order. Notice that, in the order O and 2,
they can be combined (the result is zero). It could also be seen
from a table that this rule does not describe an operation. The
table would have some of the spaces blank (the column with "o
at the top would be blank) -

*"g‘a»
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Discussion of Exercises 12-3

2. In the schematic diagram at the %l ecv @ o0 b e
right, a * b 1s to be entered = \'
at position X, and b * 3 1is : \\
to be entered at position Y. u----§§---- X
These two positions are . AN
symmetrically located with * . \\
‘respect to the diagonal from g__.,.§ \\ :
upper left to lower right. ' \
(The elements are arranged in .

the same order in the top row
and left column.) If an -
operation is commutative, its table will be - symmetric
about this diagonal, and conversely.

3. Bring out by discussion that, to prove an operation is
associative, requires testing every triple; one example
would be sufficient to prove an operation is not
associative. This logical point has been illustrated
several times previously, and should be re-emphasized
here. To prove assobiativity for an operation by
examining ali-the cases is almost always a long process.
Each student should check 2 or 3 cases and if all

" of them are satisfactory, the following statement can
be made: "This operation appears to be associative,
but we are not really sure."

4, In making a table for each of thgéevoperations, arrange
the elements of the set in the same order in the top
row and left column.. Compute and fill in as many
entries in the table as néeded to see the pattern.
Associativity can be decided from known properties
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‘of the counting numbers.

(a) This operation is not completely described. If the
two given numbers are equal, there 1s no smaller
one, of course. Bring out, by class discussion,
that, 1f the two numbers are the same, the result
of the operation should be defined as that same

number.

(b) and (c) Same as (a) above. Consider the case
where the two numbers are the same and decide that
the result of the operation will be that number.

5. and 6. The students will need help in beginning these
problems. The successive steps are as follows:
(1) Choose a set (each pupil may have a different
set, but 1t 1s better not to have too many elements
in each set so the problem will not be too long).
Suppose the set {1, 2, 3} is chosen. (2)
Make the framework for a table as shown at right.
The elements in the set
which was chosen in (1) x| 1 2 3
will appear in the left
column and top row. Arrange
them in the same order. (3) 2
Choose a symbol, such as *, 3
.for the operation and put it .
in the upper left-hand corner
of the framework; make up a
name to go with it, such as "star." (4) Fill in
the table. Emphasize that the names of.any 6bjects
whatever may be placed in the body of the table -
it 1s not necessary that these obJects be elements
of the set chosen in (1). If the operation is
to be commutafive, the table must be symmetric
about the diagonal from upper left to lower right.
If the operation is not to be commutative, the
table must not be symmetric.

| 45
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7. Here, a way to write the information is to arrange
the elements and the éorresponding results of the
operation in two rows or columns. Usually some
symbol (such as "x") 1is used to denote an element
of the set and a different symbol (such as "y" or,
in this case, "x3") denotes the corresponding
result of the operation. ~The table is given in %two
columns in the answers. It could also be written

in two rows as'shown below.

x | 0.1 2 3 4 5 6 7 8 9 10
x°| 0 1 8 27 64 125 216 343 512 729 1000

Notice that a unary operation requires only a
one-dimensional table, a binary'operafion requires
a two-dimensional table and a ternary operation
would require a three-dimensional table.

Answers to Exercises 12-3

1. (a) 1 (n) 1

(b) 6 (1) 8 -

(¢) 8 () Not possible; 1[] 2 =&

(a) 7 and 1 (0 4% 1is not
defined since 4 does not

(e) 2 appear in the top row.

(£) 3 (k) 3

(E) 1 (/é 3

2. (a), (v), (d), (e). The table must be symmetric
about the diagonal from upper left to lower right.
See discussion, Exercises 12-2. :

146
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There 1s no short-cut method; to prove associativity
each triple of elements must be combined in the two
ways and the corresponding results must be equal. The
operations of Tables (a) and (d), (e) are associlative;
those of Tables (b) and (¢) are not. See discussion,
Exercises 12-3.

See discussion, Exercises 12-3. The operation symbols
are omitted in the following tables:
(a) 26 27 28 ... 74

26 | 26 26 26 . 26

27 | 26 27 27 . 27

28 | 26 27 28 ... 28 Commutative: Yes

Associative: Yes

T4 | 26 27 28 .o T4

(v) 501 502 503 ... 535
501 | 501 502 5035 ... 535
502 | 502 502. 50% ... 535
503 503 503 503 e 535 Commutative: Yes

Associative: VYes

535 1 535 535 535 ... 535

147
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2 3 5 7 1
2 2 3 5 7 1
313 3 5 7 11
5‘ 5 5 5 7 11 ... Commutative: Yes
7 7 7 7 7 11 ... Assoclative: Yes
11 111 11 11 11 11
(a) bo. 42 44 .. 60
o | k0 0 k0 ... 40
42 |42 42 ke ... 4o
B of a4 onnoay ., 44 Commutative: No
‘Associative: Yes
60 | 60 60 60 ... 60
(e) 1. 2 3 49
13 4 5 51 -
2 5 6 | 7 53 Commutative: No
3 T 8 9 54 Associative: No
(Try the triple
_ 1, 2, 3.)
49 |99 100 101 ... 147

148
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(£) 1 2 3 g 5 6
11 1 1 1 1 1°
2]l1 2 1 2 1 2 .
3({1-1 3 1 1 3
411 2 1 % 1 2 ... Commutative: Yes
511 1 1 1 5 1 ... Associative:” Yes
611 2 3 2 1 6
(g) 1 2 3 4+ 5
141 2 3 4 5
2 |2 2 6 ¥ 10
313 6 3 12 15 ... Conuﬁxi%ative: Yes
4 1y y 12 y 20 ... Assoclative: Yes
515 10 15 20 5 ...
(h) 1 2 3 oo ,
1] 1 1 1 _
2 ]2 y 8 16 ... Commutative: No
313 9 ‘27 & - Associative: ﬁo
41 4 16 64 256 - (Try the triple
2, 1, 3;
S (21 = 8 £ 2 = 2(1°)

} (page 541] 149 |
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R. . Many answers are possible, of * 1 2 3
course. The only resuiregent ey X .Y A
1s that the table be symmetric
about the diagonal from upper 21Y P Q
left to lower right (and that ' 312 Q@ R

each place in the table be ‘
filled uniquely so that the table does describe an
operation). See discussion, Exercises 12-2.

6. Many answers are possible, of _ *
course, The'only requirement 1
is that the table must not be
symmetric about the dlagonal .
from upper left to lower right 3
(and that each place in the
table be filled uniquely so that the table does describe
an operation). See discusslon, Exercises 12-3.

>

2

b B o B M)
O K N |wWw

O 9w XK |

»*
7- See discussion, Exercises 12-3,

X

0 0,
1 1
2 8
3 27
4 64
5 125
6 216
7 343
8 512
9 729
10 1000
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- 12-4. Closure
riSkills and Understandings

1. To recognize, from the table describing a binary
operation, whether or not a set 1s closed under the
. operation.

Ty

2. To find whether or not a set is closed under a binary
operation described in words.

" .Teaching Suggestions

The concept of clbsure has been discussed in Chapters % and 6
in connection with the usual arithmetic operations. The
-discussion here should prepare the pupil for consideration of
more general systems where the elements may not be numbers.

Bring out, by class discussion, tﬁatwclosure involves two
things. (1) It must be possible to put any two (not necessarily
different) elements of the set together and (2) the result

' obtained must always be an element of the set. Material for class
‘ discussion.is provided by the various parts of Problem ¥ of
Exercises 12-3, '

As with associativity (see discussion of Problem 3, Exercises
12-3), to prove a set 1s closed under an operation, all cases must
be considered; a single counter example would prove that the set
1s not closed under the operation.

It has been found in some classes that the pupils have
difficulty because they expect the concept of closure to be much
more difficult than 1t really is. Perhaps they should be
reassured on this point.

The chief purpose of Examples 5 and 6 is to contribute to the

"understanding of closure by showing what a set must contaln if it
is to be closed. This is in a way also a preparation for the
discussion of the existence of an inverse. Incidentally, the idea
of g-generator ls an important mathematical concept; e.g., all the
counting numbers are generated by the single number 1 under
addition. This 1s the principle of mathematical induction: A
-statement 1s true for all counting;qumbers if, first, 1t is true

[page 542]

151




400

for the number 1 and, second, whenever it 1s true for a counting
number k 1t 1is also true for k + 1. In a way we "generate"

* the truth of the Statement for all counting numbers by starting
with 1 and proceeding step by step. Some teachers may feel that
these two examples are too hard. If they are omitted the
following Problems in Exercises 12-U4 should also be omitted: . 3,
4, 5, 6; also Problem 7 in Exercise 12-6 should be omitted.

Discussion of Exercises 12-4

1. Each table dgtermines a set (the set of elements in the
left column and top row), and completely describes the
corresponding operation. For a set to be closed under
the corresponding operation, each entry in the body of
the table must be an element of the set. ' In Tables (a),
(d), and (e) this is true; in (b) and (c), it is not .

*7, From the definition of commutativity in Section 12-3,
1t must be possible to put any two elements of the set
together in either order and the same result must be
obtained, but the result of the operation is not
required to be an element of the set. In fact, Table
(b) of Section 12-3 gives an example of a commutative
operation, and the set on which the'operation 1s defined
1s not closed under the operation.

*8. From the definition of associlativity in Section 12-3,
1t must be possible to put any three elements of the
set together in the two ways specified and the same
result must be obtained. This means that the set on
which the operation is defined must be closed under the
operation since, if we can combine a, b, ¢ as
(2 + b) + ¢, then certainly a + b must be an element
of the set on which the operation 1s defined. That is,
the set 1s closed under the operation.
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9 and 10:"The pupils may need help in beginning these problems.
The set of elements has been chosen, but each pupll should
choose. a symbol for his operation and fill in the entries
.in the table. See discussion of Problems 5 and 6, Exercises

12-3.

Answers to Exercises 12-4

1. The sets of (a) and (d) are closed under the _
corresponding operations (all the entries in the table
appear in the left coiumn and in the top row); those of
(b) and (c¢) are not closed (some entries in tables (b)
and (c) do not appear in the left column and in the top
row). See discussion, Exercises 12-14. '

2. (a) Closed (f) Not .closed 15 - 35 cannot
(b) Closed (g) Closed be performed
(¢) Closed , (h) Closed
(d) ©Not closed (1) Not closed: 3+ 7 1is not a
: * prime
(e) cCilosed *(3) Not closed: 3+ 3 =11
(vase 5)

3. (a) (2, 4, 6, ..., 2k, ...} where k 1is a
counting number

(v) (2, 25, 23, ..., 2% . ...} where k isa

counting number

4, (a) {7, 214, 21, ..., Tk, ...} where k 1is a
counting number. '

() (7, 7%, 77, ..., ‘7%, ...} where k 1is a
counting number.
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*6,

(a) 1e1=3, (1el)el=301-=2.
[Qlel)ellel=201=1.
If we continue the operation o, we generate the
same set again. Hence the set {1, 2, 3} is
the sub-set of S generated by 1 under the
operation o.

(b) 202=2, (202)o02-=2,
[(2e2)e2]02=202=2.
It 1s clear that the subset of S generated by 2
under the operation o is the subset {2}.

3, (3+3), (3+3)+3, [(3+3)+3]1+3, ..}
or {3, 1, %-, %-, eel) '
Yes; 3 and % are in the subset of ratio?als
generated by 3 under division. No; 3 + 3 qr g 1is
not in this subset. Therefore the set is not closed
under divislion and hence 1t cannot be associlative.

See the discussion on Problem 8.
No; see discussion, Exercises 12-4.

Yes; see discussion, Exercises 12-4.

-Many..answers are possible, * 0 43 100

of course. The only 0 0 0 0
requirement is that each
entry 1q the table
belong to the set {0, 100 0 43 -0
43, 100} and that each :
place in the table be filled uniquely so that the table
does describe an operation. See discussion, Exercises

12-4.

43 43 0 43
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10. waany answers are possible, o 0- 43
of coursé; The only ' 0 0 0 43
requirement is that at L=
; least one entry in the 43 43 1 0
o table must not be an element 100 |- 2 0 43
of the set (0, 43, 100} '

(and that each place in the table be filled uniquely-so
‘the table does describe an operation). See discussion,

Exercises 12-3.

12-5. Identity Element; Inverse of an Element

Skills and-Understandings

1. To determine from a table whether there is an identity
element for the operation, and if so, what it is.

2. To realize that an element cannot have an inverse unless
there is an identity element. '

To determine from a taﬁle_which elements have inverses.

4., To find the inverse of an element, if the element has an

inverse.

Teaching Suggestions

" column, and

Let the students experiment with several tables finding
identity elements and inverses of elements. "Try to lead them to
discover that . there is an identity element for an. operation if,
in the table; (1) there is a column exactly like the left
(2) there is a row exactly like the top row. The
element associated with both will be the same, and will be the
identity, because if ax = x and yb =y for all x and y 1n

the set, we may replace x by b and y by a to get
ab =b = a.
155
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* 1 2 3 4 5
1 2 3 4 5 1 In the figure the last row and
2 | 3 ¥y 5 1 2 the last column fit the above

" conditions. 5 1s the identity
3 5 1 2 > element,
4y {5 1 2 3 4
51 2 3 & 5
*13- 4 5 1 2 TR
114 5 1 2 3 The third column and the fourth-
ols 1 2 3 row fit the conditions. 5 1is

the ildentity. ’

b2 3 4 5 1
513 4 5 1 2 .
311 2 3 b 5

Lead the students to discover that an element has an inverse
if the identity appears in the same relative pbsitidnlin the row
as in the column associated with this element when the top mow and
left column are in the same order. '

For example: In the first table the second element in the
third row and the third column is thé identity element 5. This
means that 3 has an inverse. Sinne 3 was associated with 2
both times to get the identity 5, then 2 and 3 must be
inverses. The pairs 1 and 4, and 5 and 5 are seen to be

inverses in a similar way.
Notice *hat the second table has the same elements and the

same operatlon as the first, but that the order of the elements in
the left column is different fr»om that in the top row. It is not
possible now to use our usual check of symmetry about the diagonal
for comnutativity. The method of finding the inverse of an
element discussed above does not work out either. '

The above may be pointed out to the students if you wish.
None of the other tables in the chapter wlll have its top row and

left column in different order.
[pages 547-549].

156




405

The teacher should be warned that there is some difficulty
about division and subtraction in a non-commutative system. For
multiplication b 1is called the inverse of a if ab = ba = 1.

'»This can happen in a non-commutative . 1 o 3
system. This is such an example,
where each element is its own 1 1 2 >
inverse. But the symbol %- is : 2 3 .1 2
ambiguous since 3 + x = 2 has the 3 o '3 1

solutionimx =1 and x * 3 = 2
has the solution x = 2. Actually
what 1is usually done for such systems is to multiply by the.
inverse and not divide at all. For instance we would either have
the product % +2=3 .-2=73 or the product 2 - % =2 .3 =2,
An analagous situation exists for subtraction when addition
is not commutative. This can be illustrated in terms of the above
example if we replace - by + and % by 3.
However, it was felt that such considerations as these were
much too complex for inclusion in the text and hence when
questions of division or subtraction arise, we restrict the

systems to commutative systems.

g

Answers to Exercises 12-5a

1. (a) In table (a), the identity is 5.
: In table (d), the identity is 2.

(b) 1In table (2), the inverse of 1 is 4; of 2 1is
35 of 5 1s 5. -
In table (b), no element has an inverse.
In table (e¢), no element‘has'an inverse.
In table (d), the inverse of 1 1is 3; of 2
is 2.
Each member of the sets for tables (a) and (d) has an
inverse. The operations described by tables (b) and
~(c) do not have identities so no inverses can exist.

157

(page 550]




(a) Operation Identity

(a) T4
(p) . 501
(e) : 2
(a) - None
(e) None
(f) None
(g) 1
(h) . None
(b) The only inverses are those listed below. . .
(a) . . 74 1is the inverse of T74.
(v) : ‘ 501 1is the inverse of 501.
(c) S 2 1s the inverse of 2.
(g) o . 1 1is the inverse of 1.
(c) None.

No; if there are two identities (P and Q) for a
given operation, then consider the result when P 1is
combined with Q. Since Q 1s an identity, the result
must be P. But since P 1s also an ldentity, the
result must be . Q. Thus, P and @ must be the same
element since each equals the result of combining P
and Q.
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Answers to Exercises 12-5b

]

1. (a) 1x 1 (mod 6), x =1
2x = 1 (mod 6), not possible
3x 1 (mod 6), not possible
)

mom

4x 1 (mod 6), not poessible

5 = 1 (mod 6), x =5
(p) 1, 5. Each is its own inverse.

2. | (moa 5)
bla |Toverbe ot i baa  |v o (Taimitessiie)
12 3 l1+2 =3 13 =3
2|2 3 242 = 1 2«3 = 1
312 3 3+2 = U4 3 .3 = U

213 2 2+3 =4 2.2=14
313 2 3+3 =1 3.2 =1
L i3 2 mﬁ +3 = 3 b .2 = 3
1|4 ) 1 +4 =14 1 -4 =4
24 L 2+4 =3 2 k=3
3 (4 4 3+ 4 = 2 3 .4 o= 2
L1 4 bk =3 4y . 4 = 3
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(mod 5)
additive i b + (additive_ )

b | a |inverse of a b ~a inverse of a
041 4 0-1= 4 O+ 4 = &4
211 4 2-1=1 2.+ hy = 1
b 11 4 b -1 =m 3 b + 4 = 3
112 3 1 -2 m 4 1+3 & 4
21°2 3 2-2=0 2+3 =0
3102 5 3-2=1 343 = 1
2 | & 1 2-4 =3 2+1 =3
3] 4 1 3 -4 = 4 3+1 = 4
b | oy 1 b -4 =0 b+1 =0
(a) no
(b)) no

(¢) no

(d) yes, except division by zero.

(a) (o, 1, 2, 3, 4, 5)

(v) {1, 5}, (5]

(c) (2, 4}, (1, 5}, (5}

(a) (s, B), (¢, D), (A, D}

(b) yes, D

(e¢) {c, D} )

(¢) f{c, D} |
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If you wish, you might bring up the general problem of"*
defining an operation which is inverse to a given operation #*
defined on a set. If there is an identity element e for *,
if every element of the set has an inverse element in the set,
and if * 1s associlative, then

(the inverse of. b) * a

1 1 :
could be written a * b. Then * will be the inverse
operation for *. Hence

1 ,
a * b= (the inverse of b) * a.
For example: suppose a and b are rational numbers, b # 0,
1
and * 1s the multiplication operation, then * is division
(the inverse operation) and %- is the inverse of b.
Hence:

_ 1
a+b=¢gxa

12-6. What is a Mathematical System?

Here the mathematical system is given an informal definition
and is followed by discussion in terms of previous examples and
~ some hew ones. Here the teacher should not try to be too formal.

Teaching Suggestions

In Section 12-3, it was pointed out that a table can 1list a
.8et and describe an operation defined on that set. 'Thus, a
table really describes a mathematical system, and not meféiy an
operation. Illustrate by discussing tables (a) - (e) of Section
12-3, and by showling that each table does describe a mathematical
system (a set and one or more operations defined on that set --
in each case, 1t will be one operation).

In Example 1, Part (c) (egg-timer arithmetic), remind the
pupils of the symmetry test for commutativity discovered in
Problem 2 of Exercises 12-3. The table for egg-timer arithemetic
18 symmetric, so the operation is commutative.

Have the class decide on a word for the operation in Table
(c¢) of this section. ("Twiddle" is sometimes used.)

[pages 559-561]
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Answers to Exercises 12-6

1.

Each éng of Tables (a), (b), (c) describes a
mathematical system.

For Table (a), the set is (A, B); the operation
is o. , ‘ '

For Table (b), the set 18 (P, Q, R, S}; the
operation is *, »

For Table (c), the set 18 ' {A, [J, O, \ J; the

‘operation is ~ ,

(a) A (e) q (1) A
(v) O (£) s - "(3) B
(c) O  (8) P (k) &
(d) B (h) \ (#) R

The operation o 1s not commutative, since Table (a)
is not symmetric. o

The operations * and. ~ are both commutative, since
both Tables (b) and (c) are symmetric.

There 1is no identity element for the operation o.

There 1s no element e, such that both ef the equations
Aoe=A and Boe =3B are correct.

The element R 1s the identity element for tt .
operation *, The row of Table (b) with "R" 14r the
left column is the same as the top row, and the column
with "R" at the top is the same as the left column.
The element A is the identity element for the
operation ~ . The first row and column of Table (c)

4 are the same as the top row and left column respectively.

(a) s (€) @ (1) \
(b) s () Q (3) \
(¢) R (g) \
(d) R (h) \
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6. Each of the operations * and ~ seems to be
assoclative since, in each of the cases we have tried,
the corresponding expressions.are equal., To prove the
operations are associative, we would have to examine
all cases and show that the corresponding expressions
are équal. To prove an operation is not associative,
a person would have to find one example where the
corresponding expressions are not equal.

7. BRAINBUSTER. (a) The element 2 cannot be combined
with 2 by the operation * (that 1s, 2 * 2 is not
defined).

(b) 2 *1 4is not uniquely defined. Many results are
possible when 2 and 1 are combined.

(c) The set given by this table is {1, 2, 3, 4).
Bﬁt it 1s not possible to combine every pair of
elements (e.g. 3 and %). We do not have an
operation defined on the set.

12-7. Mathemaﬁical Systems Without Numbers

Skills and Understandings

1. To recognize a mathematical system when it is described
in words.
2. For systems without numbers: To recognize the elements

of the set; to recognize the operation; to recognize
an ldentity element; to recognize the inverse of
an element.

Teaching Suggestions

Each pupll should have his own rectangle to manipulate, such
as;-a 3" x 5" card. Do not use square cards. Be sure that each
pﬁpil labels his rectangle correctly so that comparisons between
different puplls are possible. Check especially that each corner
of the card is labeled with the same letter on both sides. Stress

[page 562]
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hre
that the card is used only to represent a geometric figure --
& closed rectangular reglon. Some of the geometric concepts of
Chapters 4 and 9 should be reviewed here.

It cannot be repeated too often that the changes of position
of a rectangle are the elements of the set in'the mathematical
system discussed in this section. One of these changes is
something that is "done"; that is, it is a physical activity, but
it 18 an element of the set =~ it is not the operation of the
system. The operation of the system is much more -elusive. Any
operation defined on the set must be a way of combining any two
of these physical activities (changes) to get a definite thing.
The particular operation we have chosen combines two of these
changes by doing the first one and then the other. The result
(definite thing) obtained 1is one of the changes, but the operation
is the way of combining them, that is: First do ..y and then
do ... . ,

For ease in grading pupils! written work it is essential'
that all students use the same notation in Exercises 5 and *6.
One possible notation is described in the answers.

Discussion of Exercises 12-7

3. In proving associativity, "all cases" must be considered.
There is one case for each triple of (not necessarily
different) elements of the set on which the operation
1s defined. For the operation ANTH, there are 4
elements in the set, so there will be 4 - 4 . 4 = 64
triples; that is, 64 cases must be considered to
prove the associative property.

5. and *6. For ease in grading written work it is essential that

' all students use the same notation in these exercises.

One possible notation is described in the answers.

164
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%gAnswers to Exercises 12-7

1. ANTH | T Vv H R
I I \' H R
\' v I R H ‘
H H R I \'
R|R H V I
2. (a) Vv (£) I
""" (b) Vv (g) I
(c) Vv . (h) T
(@) v (1) I
(e) I

3. (a) Yes
() Yes

(¢) Yes, the operation is associative. A proof would
require that 64 cases be checked. Each pupil
should check two or three; do not attempt to check
all cases. See discussion, Exercises 12-6.

(d) Yes. I 1is the identity.
(e) Yes. Each element is its own inverse.

"4,  (a). ANTH I . F

I I F
F F I
(b) Yer - (¢) Yes

(d) Yes. ‘A1l cases can be checked (there are 8
cases in all). See discussion of Problem 3,

Exercises 12-6.
(e) Yes. I 'is the identity element.

(f) Yes. Each element is its own inverse.

[pages 557-569]
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.‘5.

*6.

avvE | T R s T U v
1|1 R s T U V
R|R s I U v T
s|s 1 R v 1T U
T|T Vv U I § R
v {vu T Vv R I S
w|lv v T s R I

The operation is not commutative (R ANTH T # T ANTH R)
I is the identity element. Each.of I, T, U, V

is its own inverse element; R and S are inverses

of each.other.

Notétion:

I: Leave the square in place.

Rotate clockwise %- of the way around.
¢ h ]

Rotate clockwise %- of the way around.

R.:

[

Rotate clockwise % of the way arouné.

Flip the square over, using a horizontal axis.

3B

Flip the square over, using a vertical axis.

Dlz- Flip the square over, using an axis from upper
left to lower right. '
D2: Flip the square over, using an axis from léwer

left to upper right. .
Note: It was suggested that a square card not be used.
This problem is included to show why such a
sugggstion was made.

166

[pages 569-570]



415

ANTH | I R, R, Ry, H v D, D
I |1 R R Rz H V D D
Ry | Ry Ry Ry I D, D, H v
Ry | Ry Ry I RR, V H D, D
Ry | R I R} R, D D, UV, H
H |H D V D, I Ry R Ry
Vv |v D, H D, Ry I Ry R
D, | D V D, H R, I R,
D, | D, D, Ry Ry Ry I

I 1s the identity element. The operation is not
commutative (R; ANTH H # H ANTH R;). '

12-8. The Counting Numbers and the Whole Numbers

Thls section has problems which lead the pupils to conclude
“that the counting numbers and the whole numbers each form a
mathematical system. It is pointed out that the distributive
property with which the pupll is famillar comes from the abstract
discussién of this property. The puplls should not be expected to
~duplicate the abstract definition. ' _

One of the obJectives of the section 1s to show a way to
pull together the concept of sysfems.

Some of the sets of numbers considered in ordinary arithmetic
are: the rational numbers, the whole numbers, the counting

numbers, the even numbers, etc.

Discussion of Exercises 12-8

4., One possible model of the mathematical system in this
exercise is as follows: Let A = {1, 2}, B = {1,
2, 3}, ¢=1{1, 2, 4}, p={1, 2, 3, U4}. Then,
from the tables in the problem, the operation * 1s
intersection and the operation o 1is union. Each of
these operations distribﬁtes~over the other.

[pages 570-5711]
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Answers to Exercises 12-8

1. (a) Since the sum of two counting numbers is always
another counting number and the product of two
counting numbers is always a counting number, the
se@ is closed under addition and multiplication.

(b) Both the commutative property and the associative
property hold for addition and multiplication.....

Examples: Commutative: 2 + 3 = 3% + 2;

h‘X"6_= 6 x 4
Associative: 3 + (4 +7) = (3 +4) + 7;
3 x (6 x8) =

(3 x 6) x 8

(c) There is no 1dentity element for addition.
The identity element for multiplication is 1;
for every counting number n, n -1 =n=1 - n.

(d) Tne counting numbers are not closed under
 subtraction or division.

2. (a) The set of whole numbers is closed under addition
and multiplication.

_ (b) Both operations are commutative and associative.

(¢) There is an identity element f@r addition. It is
zero; for any whole number n, n+ 0 =n=0 + n,
The number 1 1s the identity element for
multiplication.,
The answers are the same as for 1 (a), (v), (c)
except that there 1s an ldentity element for
addition in the whole number system and not in the
counting number system.

168
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(v)
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Three examples are: 2(3 + 4) = (2 - 3) + (2 - 4);
5(7 +10) = (5 - 7) + (5 - 10); 1(1 +1) =

(1 -1)+ @ -1). '

Addition does not distribute over multiplication;
for example, 2 + (3 - 4) =14 £30 = (2 + 3) .
(2 + 4). .

See discussion, Exercises 12-7.

(a)

(v) .

(a)

(o)

(c)

(a)

(e)

(£).

Yes, here are 3 1llustrations that x
distributes over o:
A*(BoC)=A=(A*B)o (A *¢)
B*(BoB)=B=(B*B)o (B*B) ..
C* (BoD)=2C (c * B) o (C * D)

Yes, here are 3 1llustrations that o
distributes over *,
Ao(B*C)=A=(AoB)* (AocC)
Bo(B*B)=B=(BoB)* (Bo B)
Co(B*D)=D=(CoB)* (CoD)

Closed; commutative; associative; 1 1s the
ldentity; only the number 1 has an inverse,

Closed; commutative; assoclative; no identity;
no inverses.

Closed; commutative; assoclative; O is the
identity; only the number O has an inverse.

Closed; commutative; associlative; no identity;
no inverses.

Closed; éommutative; assoclative; 0 1s the
" ldentity; only the number O has an inverse.

Not closed; eommutative; not associative; no
ldentity; no inverses. '
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6. (a) Both sets are closed unizi the operations. Foth
operations are commutative and associative. Both
systems involve the same set.

(b) The syztem 5(a) has an identity and ‘5(b) does
not. Also, the sets are differsnt in these two
systeizs. ’

*T. Many results are possivle, of course.

*8, (a) Yes. We are asked to consider the two expressions
A a*(boec) and  (a *t) o (a *¢), and find
whether or'hot they are always equal. For example;
using a =8, b =12, c¢ =15, .

8 * (12 015) = 8 * 60 = 4,

(8 *12) o (8*15) =401 =14,

(b) Yes. We are asked to conslder the two expreésionS'
ao(b*c) and (a ob) * (aoc), and find
whether or not they are always equal. For
example, using ’
a=8, b=12, c =15,

8o (12 *15) =803 = 24

(8 0 12) * (8 0 15) = 24 * 120 = 24,

12-9. Modular Arithmetic

In this section, the number line is used to provide a picture
of how equivalence classes of whole numbers can be developed. At
this time it may be wise to re-read the first paragraphs of .
Section 12-1. We use the term "multiple" to mean "multiple by a
whole number." ' _

Problems which may be used for motivation to explain the
meaning of modular systems include the ordinary 12-hour c¢lock,
the days of the week, and the months of the year. For example,
"Today is Tuesday; what day will it be six days from now?"
Answer: Monday; this is mod 7. "It is 4:30 o'clock. What
time will it be 10 hours from now?" Answer: 2:30; this is

mod 12. 170
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Modular arithmetlc may be thought of as a mathematical
system with two operations. Section 12-1 discussed modular addi-
tlon and Section 12-2 discussed mocdular multiplication. The two
. operations together allow us fo use the distributive property;

- thus, the whole numbers form a system under modular ‘addition and
multiplication. In modular arithmetic only a finite number of
lisymbols is needed because infinitely many whole numbers are
represented by each symbol. ’

Other interesting highlights are:
A product of non-zero factors may be zero in some systems.
There may be many replacements for x in'a number sentence

to make it true.

Answers to.Exercises i2—9.

1 -Mod 5 . Mod 8 )

X 10 1 2 3 &4 Xx|0 1 2 3 4 5 6 7

0|0 0 O 0 o 0|0 0 000 0 0 0"

1 {0 1 2 3 & 1o 123 45 6 7

2 [0 2 4 1 3 210 2 4 6 0 2 4 6

3]0 3 1 4 2 3(043 6 1 4 7 2 5

¥ lo 4 3 2 1 410 ¥ 0 4 0 4 0 4
5/0 5 2 7 4% 1 6 3
6|0 6 ¥ 2 0 6 4 2
7/07 6 5 4% 3 2 1

(Encourage the puplls to look for patterns and to use
what they have previously learned about systems to
make the tables.)
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| 2, (a) Mod 5: Yes; mod 8: Yes
(v) Mod:5: Yes; ‘mod 8: VYes
(¢) Mod 5: Yes; mod 8; Yes
© (d) Mod 5: 1; mod 8: 1

(e) Mod 5: 1 and 4 are their own inverses;
2 and 3 are inverses of each other; O has

no inverse.
Mod 8: Only 1, 3, 5, 7 are inverses; each
1s its own inverse.

(£) Mod 5: Yes; mod 8: No. 2 x 4 = 0 (mod 8),

4x2 =0 (mod 8), 4 x4 = 0 (mod 8),
4 x 6 = 0 (mod 8), 6 x4 = 0 (mod 8).
3. (a) 3 (¢c) 6, 8, 12, 2¥
(v) =2 . (a) &,
4y, (a) 2 . (a) o *(g) 1. Any power
(b) © (e) 4 "of 6 ends
' in 6.
(c) 5 ‘ (£) 1 .
5. (a) & T . (c) 1 .
(b) 2 (d) 3
6. (a) 4, & (c) 3, 3
(b) 1, 1 (d) yes
7 (a) 0, o0 (¢) 0, 1
(b)) 2, O (d) no
8. (a) 6 | (e) ©
(b) 3, 7 (£) o
(c) o, & (g) 9
(d) -2 (h) Not defined in this
_ system.
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10.

11.

12.

- (a)

421

.4; What number added to 3 gilves 72
(b)ﬂ;ﬁ |
(e) 7

*(d) 7

-]l o 1 2 3 i

o.|]-0 ¥ 3 2 1

1|1 o ¥ 3 2

2 2 1 0 4 3

3 3 2 1 0 y L
4 4. 3 2 1 0

The set is closed under subtraction mod 5.
(a) 3, 8, 13 and others (add 5)
(b) 3, T, 11 ‘and others (add 4)

(c) O and all multiples of 5 of the form 5K,
K is a counting number. o

(d) Any even number

(e) 3, or any odd number greater than 3.

(f) 1, 3, 5 and so on (all odd numbers).

(d) Any even number

() 1, 3, 5 T, 9, 11, 13 and so on (all odd

numbers )

173
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Sample Questions

”;iPart I. True - False '
 'T 1. Operations can be despribéd by tables.
T 2. A symbol can be made to mean anything providing we
define it.
| F 3. Thé identity for multiplication in ordinary arithmetic
is zero. '
i, The identity for addition in ordinary arithmetic is one.
. The additive inverse of 2 in the mod 4 system is 2.
In ordinary arithmetic, with the set composed of all the
rational numbers except zero, the lnverse of division
is multiplication.
F . All méthematical systems are sets of numbers.
F 8. In mod 5 arithmetic, 0/3 = 2 (mod 5).
T g. The set {0, 1, 2, 3} 1is closed under subtracﬁion
mod 4. '
Part II. Computation
Find the sums: - Answers:
1. (9 + 2) (mod 12) 11
2. (5+ 4+ 3) (mod 6) . -0
Find the differences£
3. (5 -2) (mod 6) | 3
4. (3 - 5) (mod 7)
Find the products:

5.
6.

[(3 +7) x 6] (mod 9) 6
32 (mod 8) ' 1
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Find the quotients. Answers:
7. (mod 5) 4
8. ‘_7-(mod 11) 0

Part III. Multiple Choice .
The table below describes a mathematical system. It is to

be used in answering questions 1, 2, and 3 below.

o A B c D
A c D A B
B D A B c
c A B c D
D B c D A
1. Which one of the'following statements 1s true? (Ahswers

are starred).

A. The set {A, B, C, D} is not c¢losed with
respect to the operation o.

*B. The operation o 1s commutative. trin
c. The operation o does not have an identityv
element. -
D. The_operation o 1s not assoclative.
E. None of the above.

2. The identity for the operation o 1is:

A. D
B. B
*C. C

D. Both A and B

E. None of the above.
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3. In the mathematical system:
| A. Only B has an inverse.
B. Only D has an inverse.
C. Only A and C have inverses.
. D. None of the elements'has an inverse.
*E. All the elements have inverses.

4. For what modulus m is 2 -5 = 4 (mod m) true?

A. Mod 9

B. Mod 6

C.. Mod 8

*D. Mod 7

E.' None of the abové. )

5. For the system consisting of the set of odd numbers and
the operation of multiplication:

A. The system is not closed.

B. The system is not commutative.

c. The syStem has no identity element
*¥*D., None of the above 1is cérrect.

E. All of the akove are correct.

6. For the system consisting of the set of even
numbers and the operation of addition:

A. The system is not closed. . .
*B. The system has an identity element.

c. The system has an inverse for addition for each
element.

All of the above are correct.

E. None of the aiove 1s correct.
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T. A mathematical system donsists of several things.
Which of the following is always necessary in a

mathematical system?

A. Numbers ;

B, An 1deﬁtity élement

C. The commutative property
*D, One.or more operations
E. None of the above

Use the mathematlical system as described below in answering

Questions 8, 9, and 10.

The set of elements'in our system 1is the

set of changes of a rectangle.

The elements are:

A B8 C C 8 Al C D
I H v R
D C A 8 C D 8 A
‘I means leave H means fiip. V means flip- R means turn -
"alone. on the hori- on the vertical halfway around

zontal axis axis its center

The following is an i1llustration of our operation * ;
V * H means do change V and then do change H.
Thus V * H = R.

8. H*H 1is:
A. H

*B, I

R
Vv

None of the above..
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9. I * R is:

*\. R
B. V
c. I
D H
E. R*H

10. (H*V)*V 1is:

A, I
B. Vv=*V
*©. H=*TI
v
‘. E. None of the above.
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Chapter 13
STATISTICS AND GRAFHS

Introduction
Traditional seventh grade material glves some time to graphs
but treats them as an isolated topiec. In this text, graphs are

" introduced as an integral part of stat? . . Statlsties, as a
toplic for seventh graders, 1s new. Onl »e 10st elementary phases
of statistics are given but the studenu expected to become

aware of thils branch of mathematics. In addition to the three
common types of statistical graphs presented in the text, the
concept of meun, :~*dian and mode as measures of central tendency,
and of average d=»wlation and range as measures of spread are
intrcduced. The emphasis is on understanding the meanings of
these measures rather than developing skill in finding the
measures . )

.Students of this age are beglnning to find a need for
understanding elementary statisties. Work in social studies
include~ current events and some of this material contalns graphs
and statistics that students should understand. School drives
often make use of student-made graphs.

The collection and organization of data 1s touched upon and
opportunity for organizaticn .s included in the exercises. The
teacher ma;- £find it of value to have students collect, organize
and g£raph data of their own. Every school provlides 1ts own
material. The number of students enrolled, the size and number
of class sections; and the number of students that participate
in various activities are some areas in which statlstlcal data
are usually available.

The interpretation and ability to read graphé are probably
of more importance than the ability to make graphs. The teacher
should stress this phase of the work with graphs. Making graphs
is one accivity that Hélps the sﬁudent learn to read graphs.
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The textvprovides some work in finding the mean, median,
mode, range and average deviation as an aid to understanding the
meaning of these terms. The work on zampling 1s very general.
Pupils may be interested in reporting examples of sampling found
in newspapers and news magazines.

Additional material that can be used 1s found in the annual
reports of large Eorporations and in the material released by the
National Industrial Conference Board. The Conference Board will
send material at your request. (See the Bibliography.) You and
some of your students might be in‘erested in the informative and
pleasant bobk, How to Lie with Statistics.

' This chapter should require about 10 days to teach.

13-1. Gathering Data

This section introduces the word "data' and develops its
meaning. The organlization of data and reading a statistical table
are utilized both as ldeas and as a means in understanding data.

Answers to Exercises 13-1

1. The general trends in the data show that the population
l:as been 1lncreasing since 1790. The per cent of
increase has been less since 1860 than before that time.

2. From 1800 to 1810. High immigration rate and beglnning
of Westward Movement.

3. Frow 1930 to 1940. The depression of the 1930's.

i, tgulation increase was due in part to large number of
immigrants from Ireland. Famine was due to fallure of
potato crop in Ireland in 1845, 1846, and 1847.

5. 26.0
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6. These may be arranged from largest to smallest or
smallest to largest.
1100% 8 80% % 7%
98% 8% 80% - T5% T0%
95% 847 78% ™% - ©O7%
91% 83% 7% 2% 61%
T. This information can be found in almanacs or local i
" publications.
8. (a)

1935 34,956 15k 28,781 1949 188,317
1936 36,329 1943 23,725 1950 249,187
1937 50,244 1944 28,551 1951 205,717
1938 67,895 1945 38,119 1952 265,520
1939 82,998 1946 108,721 1953 170,434
1940 70,756 1947 147,292 1954 208,177
1941 51,776 1948 170,570 1955 237,790

\b)

23,725 51,776 170,570
28,551 67,895 - 188,317
28,781 70,756 205,717
34,956 82,998 208,177
36,329 108,721 237,790
38,119 147,292 . 249,187
50,244 170,434 265,52C
9. Number of automobiles sold by the manufacturer:

1910 181,000 1930 2,787,456 1950 6,665,363
1915 895,930 1935 3,273,874 1955 7,920,186
1920 1,905,560 1940 3,717,385
1925 2,735,171 1945 69,532

13~-2. Broken Line Graphs _
Broken line graphs are utilized whenever the change that

occurs in some item is to be emphasiéed. The teacher should be
sure students know how to read these graphs. One of the best vays
of learning to read graphs is to make them.

132

[page 582]




432

Some observations on making graphs are noted below. It
would be helpful if the student 1isted these points before
making any graphs. The polints are:

1. Plan before making any marks on "the paﬁer. This

' 'includes planning room for title, scales and any names
needed.

2. . Make graphs as large as space permits.

3. Print.

Use rulers to draw lines that should be straight and to

e1close the graph with line segments for a finishea

_ appearance.

5. Use a suitable scale. This 1is found by dividing the
largest number to be graphed by the number of units
avallable on the scale.

6. Line graphs should be started at the left édge.

Values between points should be interpreted cautiously.
' Changes are not instantaneous but since they are irregular, no

certainty can be attached to a reading between points. These
readings will be fair approximations much of the time.

Answers to Class Discussion Questions. 13-2

1. More between 1900 and 1910 than between 1800 and 1810.
This is seen more easily from ‘the graph tt from the
table of data. -

2. No.

3. The piece of the broken line from 1810 to 1820 would be
horizontal.

i, 1945: 140 million; 1895: 68 to TO million.
Increase 70 to 72 million.

Abcut 170 million.

U“)

[pages 582-585]
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Answers Exercises'13—2

1. (a) 20
(b) 25
- (e) 10,000.
"2.' '

433

(a)
- (e)

30 or 50
100,000

Enrollment in Franklih Junior High School, 1952-1956

- 300
""" = | -
250
E //
r
8 /
Z 150
w
100

50

1952 1953 1954 1955 . 1956 1957

- YEARS

3. (a) Graph is on the next page.
(b) Unsuccessful (D) .Democrat
Year Elected Candidate (R) Republican
1928 Hoover (R) Smith (D)
1932 'F. D. Roosevelt (D) Hoover (R)
1936 . F. D. Roosevelt (D) Landon (R)
1940 F. D. Roosevelt (D) Willkie (R)
1944 F. D. Roosevelt (D) Dewey (R)
1948  Truman (D) Dewey (R)
1952 Eisenhower (R) Stevenson (D)
1956 Eisenhower (R) Stevenson {D)
1960  Kennedy | Nixon (R) v
22.3 + 26.8 »
(c) 131.7 = \57.3Z
184
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3(a)

IN MILLIONS

VOTES

40

38

36

34

32

30

28

26

24

22

20 \— /
Y ’
\
\

2
Q

1928

32 36 40 44 48 52 56

PRECIDENTIAL ELECTION YEARS

______ REPUBLICAN PARTY
DEMOCRATIC PARTY
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4, This graph is depeﬁdent on local statistics.

5. ‘
Immigrants Admitted to U.S. Annually, 1935-55
300
w .
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13-3 Bar Graphs

Bar graphs are used to éompare data about similar items. Since
data that indicate change can be considered as a comparison of sim-
ilar items,.most line graphs could also be shown as bar graphs.
Bar graphs cannot always be displayed as line graphs. It is suit-
able to show the growth of one school in either type of graph but
the graph of the enrollment of different schools in a district is
sultable only for a bar graph. Line graphs emphasize change; bar
graphs emphasize comparison.

Principles of graph construction that were given for line
graphs are applicable to bar graphs. One additional point needs
to be made. Bars should be the same width; spaces should be the
same width but it is not necessary for the spaces to be the same
wldth as the bars. Color adds a great deal to graphs,

Answers to Exercises 13-3
1. 3,260,000 x $3.25 = $10,595,000

2. 1959

3. Between 1958 and 1959. . Table shows increase is
368,000.

Accidental Deaths, 1956

Motor
Vehicle }:::
Accidents [

Falls

Fires

Drownings

Railroad
Accidents]
L i | 1 : 1 1 1 L

0 5000 10000 15000 20000 25,000 30,000 35000 40000
NUMBER OF PEOPLE KILLED

[page 588-590]
187



| 437
5. Highest Point in Selected States

Alabama

Alaska

| Arizona

Arkansas

californid fii

Colorado

0 4 8 4 16 20 24
Feet in Thousands

6. Games Won - National League

Pittsburgh

St. Louis

Milwaukee

Los Angeles

San Francisca

Cincinnati

Philadelphia p:iisisife:c::

-------

Chicago R BT HERH T T B i

0 6 12 I8 24 30 36 42 48 54 60 66
Games Won

[page 599]
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13-4 Circle Graphs

Circle graphs can be used only when the data are concerned
with the whole of something and the divisions of this item. It
1s possible to consider such data as a comparison of parts and use
a bar graph to show the relationships. The comparison of parts is
shown equally well by circle graphs. Circle graphs emphasize the
unity of the item graphed. '

The students may need some review both in the use of a pro-
tractor and in using percents before they will be able to work with
circle graphs. .

It may be advisable to have students select from the four
graphs in the Exercises. Possibly, some of the class could do two
while the rest of the class do the other two.

Exercises 13-4

1. School-Related A4cecidents, 1949

60%
IN SCHOOL BUILDINGS

107%. TO AND
FROM

30%
ON PLAYGROUNDS

189
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2.
School-Related Accidents, 1956
36 %
IN SCHOOL
BUILDINGS
54%
ON SCHoOL IO%.TROOI:‘ND
PLAYOGROUNDS FHOME
3.
Money for Stage Curtains
Number of
Percent Degrees
79 284
16 58
5 18

79%

TICKET
SALES
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u.
Homes of Washington Jr. High Pupils in Relation to School
” " Number of
Percent Degrees
50 180
22 79

28 101

ONE MILE OR LESS
50%

MORE [BUT LESS
THAN TW

13-5 Summarizing Data

The approach to descriptive statistics used here is one of
trying to describe a set of numbers by ‘just two numbers, one to
give an idea of the magnitudes of the humbers and the other to -
show how the items vary or scatter.

The averages (mean, mode, and median) give the idea of the
magnitude of the numbers in the set; the range and the average
deviation from the mean show how the numbers vary or scatter.

The arithmetic mean and the median are used so frequently in
newspapers, magazines, and other media that it is most important
for everyone to understand thoroughly the two éoncepts.

The short-cut of Problem 6 in Exercises 13-5¢ is a standard
short-cut which the pupils may find useful. No attempt at a
rigorous proof for it should be made.
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In statistics a deviation is technically defined so as to
involve positive and negafive numbers but there is no need to
introduce negative numbers here since in computing the average
deviation one averages the absolute values+#of the deviations.

Answers to Exercises 13-5a

1. Mode: 85
. 913 _
2. (a) Arithmetic mean: - = 83
(b) Median: 85

3. (a) Mean: $6100

(v) 3

() 7

(d) No, beca.- .+ mcan 1s larger than such a large
percentag .6 salaries. '

(e) 1If ther i, « i1 even number 2n of items (as there are
10 in this problem) the median‘after arranging the
items according to size 1s taken to be the average
betwecn ti': nth and (n + 1)th items.

$5000 : $5500 _ g5050

(f) Median is better than mean, since the mean gives the
impression that the salaries are higher than they are.
The mean 1s affected by the large salary of $12,500,
’ but the median 1s not.
4, (a) Mean: 56.5
(b) Median: 49

192

Sy

[page 597]




